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Abstract. This paper studies the extension of description logics with
variables ranging over infinite domains of concept names and role names.
As a preliminary work, we consider more specifically the extension of the
logic £L£ with variables and we investigate in this context two reason-
ing mechanisms, namely compliance (a kind of matching) and pattern
containment. The main technical results are derived by establishing a
correspondance between the £L logic and finite variable automata.

1 Introduction

We consider description logics augmented with variables ranged over concept
names and role names. As an example, consider the following description:

B = Person N Jworks-for. X M dgraduated- from. X (1)

where the variable X takes its values from an infinite set of possible atomic
concept names. B specifies the set of persons that work for the same type of
organization they were graduated from. Specifications of type (1) are called
hereafter a pattern definition and B is called a pattern name (or simply a pat-
tern). An instanciation of a pattern is given by variable valuations. For example,
if the variable X is assigned as value the atomic concept name University (re-
spectively, eSchool), we obtain the following description B; (respectively, Bs)
which is compliant with the pattern B:

By = Person M dworks- for.University N Jgraduated- from.University

By = Person M Jworks- for.eSchool M Jgraduated- from.eSchool

Variables can also be used in role places as illustrated by the following pattern
definition:
Bz = Person M 3Y.Z N d.graduated- from.Z

The concept Bs specifies the set of persons that have a relation (i.e., any kind of
role) with the same type of organization they are graduated from. Indeed, the



concept By is compliant with Bz and it is also the case of the concept B, defined
as follows:

By = Person M Jdevaluates.eSchool M Agraduated- from.eSchool

Our framework supports terminological cycles as illustrated below with the pat-
tern Bj which specifies the persons that work for the same type of organization
they are graduated from and have a relative who also work for the same type of
organization she is graduated from.

Bs = Person M Jworks-for. X' N Agraduated- from.X’' M 3has-relative.Bs

For a description logic £, we denote by Ly, the obtained logic augmented with
concept variables and role variables. We study the following reasoning mecha-
nisms in this framework (formal definitions are given later in the paper):

— Compliance which asks whether a description E is compliant with a pattern
C.

— Pattern containment which, given two pattern definitions C; and C5, asks
whether every description E' compliant with C; is also compliant with Cs.

Indeed, the notion of a concept pattern (i.e., a concept description containing
variables) is not new and has already been used, in particular, in the context of
two non-standard reasonings, namely matching [1] and unification [2,4]. Given
a concept pattern D and a concept description C, the matching problem asks
whether there is a substitution ¢ of the variables by concept descriptions such
that C' C (D). Unification is a generalization of matching. It takes as input
concept patterns and asks whether there exist a substitution of the variables by
concept descriptions that makes the concept patterns equivalent. Our definition
of concept patterns deviate from the one used in the literature with respect to
the following features: (i) our definition of concept patterns is more liberal in the
sense that we allow concept variables as well as role variables while usually only
concept variables are allowed in concept patterns, (ii) we support cyclic pattern
definitions and, inspired from the guarded variable automata theory, we consider
two different types of semantics of variables (i.e., refreshing and not refreshing
semantics), and (iii) our interpretation of variables is however more restrictive in
this paper since we consider only atomic variables (i.e., we assume that variables
take their values from an infinite set of atomic concept names and role names).
An extension of this framework to variables that stand for descriptions would be
an interesting research direction. From the reasoning perspective, our notion of
compliance coincides with matching however, up to our knowledge, the notion
of pattern containment has never been investigated in the literature.

We expect the proposed framework to be useful in various applications. For
example, concept patterns have already been proven to be beneficial in applica-
tions where a given user is interested ‘to search the knowledge base for concepts
having a certain not completely specified form’ [6]. Targeting a similar purpose,
we envision our framework to be useful as query language to: (i) formulate queries



over terminologies. For example, the concept Bj given above can be viewed as
a query over a given terminology while the concepts B; and By are examples
of answers to such a query, or (ii) to formulate ontological queries (i.e., queries
over an ontology) in the context of an Ontology Based Data Access (OBDA)
approach [7]. The reasoning mechanisms studied in this paper can prove partic-
ularly relevant to handle query evaluation and optimisation in such contexts.

Organization of the paper. Section 2 presents some preliminary notions regarding
state machines and guarded variable automata. Section 3 recalls some basic
notions of the ££ description logic and describes the extension of this logic with
variables, the obtained logic is called £L£y,. Section 4 studies the compliance and
the containment problems in the context of the £L£y, logic. We conclude and
draw future research directions in section 5. Proofs are omitted and are included
in the extended version of this paper [13].

2 Preliminaries

We first recall the notion of state machines [9] and simulation preorder between
state machines. A State Machine M is a tuple < Xar, Qar, Far, Q% 60 >, where:
Y is a finite alphabet, Q) is a set of states with Q%; C Qps the set of initial
states and Fy; C Qp the set of final states, dpy € Qu X Xy X Qpr is a set
of labeled transitions. If Q;; is finite then M is called a finite state machine. If
q € QY is an initial state of a machine M, we say that M is rooted at q.

Let M =< EM,QM,FM,Q?VI,(;M >and M’ =< EM’,QM’,FMHQ(]{/[M(;M’ >
be two (eventually, infinite) state machines. A state ¢1 € Qs is simulated by a
state ¢; € Qprr, noted ¢ < ¢4, iff the following two conditions hold : (i) Va € Xy,
and Vga € Q) such that (q1,a,q2) € dpr, there exists (q7,a, g5) € dpp such that
g2 = ¢4, and (i) if ¢1 € Fy, then ¢} € Fyr. M is simulated by M’, noted
M = M, iff Vg € QY 3dhy € Q4 st aar < g

We briefly introduce now the notion of (Guarded) Variable Automata [5].
Let X be a finite set of variables and X' an infinite alphabet of letters. The set
G of guards is inductively defined as follows: G := true |a =g |a # | GAG
where o, € ¥ U X. A GVA is a tuple A = (X, X,Q, Qo, 0, F, u), where X' is
an infinite set of letters, X' is a finite set of variables, @) is a finite set states,
Qo C Q is a finite set of initial states, § : Q x (¥4 UX) x G — 29 is a transition
function where X4 C X is a finite set of alphabet, F' C @ is a finite set of final
states and p : X — 29 is called the refreshing function.

In the sequel, we write (q,t,9,¢’) to denote a transition from ¢ to ¢’, when
q € d((q,t,g)). At every point in time, a run of a GVA A is determined by its
instantaneous description (or simply, configuration). A configuration of a GVA
A is given by a pair id = (q,0) where ¢ € Q isa statein Aand o : X —» Y isa
variable valuation. A valuation o is extended to be the identity over the elements
of X. The satisfaction of a guard g by a valuation o, denoted o; |= g, is defined
as usual. A run of A starts at an initial configuration idg = (qo, 0¢), with g € Qo



an initial control state of A and oy an arbitrary valuation of the variables of X'3.
Then A moves from a configuration id; = (g¢;, 0;) to a configuration id; = (g;,0;)
over the letter o;(t) if there is a transition (¢;,t,9,¢;) € d s.t. 0; = g and
oi(z) = oj(z),Ve € X\ u(g;) (ie., o; and o; coincide on the values of the
variables that are not refreshed at the state ¢;). Hence, given a GVA A, the runs
of a A is captured by an infinite state machine called the extended machine of
A and denoted E(A). Roughly speaking, F(A) is made of all the configurations
of A and all the transitions between these configurations. Simulation between
two guarded automata A and B, noted A < B, is defined as simulation between
their associated state machines, i.e., A X B iff F(A) < E(B).

3 Description logic with variables

Let N4 and Ng be respectively two disjoint and potentially infinite sets of atomic
concept names and role names and let £ be a description logic. Let N¢o be an
infinite set of concept names including the atomic concept names (i.e., Ny C
N¢). Concept descriptions specified in the logic £ (or £-descriptions) are built
from concept names N¢o and role names Ng using the constructors of £. The
semantics of L-descriptions is defined as usual. Let No, C Nc and Nr- C Ny be
respectively two finite sets of concept names and role names. An L-terminology
T over the set of concept names N¢.- and the set of role names Ng.- is a set of
concept definitions of the form A = D, where A € N, is a concept name and D
is an L-description. Atomic concept names (i.e., elements of N4) are prohibited
from appearing in a left-hand side of a definition while the the concept names
occurring of N¢, \ Na, called defined concepts, must appear at the left-hand
side of a definition. We assume that a terminology does not contain multiple
definitions and we allow cyclic definitions. In this paper, we study reasoning in
the context of a gfp-semantics [3].

Introducing variables. Let Ns, Nr and N¢ defined as previously. For a
description logic £, we note by Ly the corresponding description logic augmented
with variables. To define the logic £y, we extend the sets of concept names and
roles names with variables. Let N, and N,, be respectively the sets of concept
and role variables. The sets N.,, N, and Ngr U N¢ are pairwise disjoints. In
the sequel, we use the letters X,Y,... to denote variables. An Ly-terminology
is defined over the set of concept terms N, C No U N, and role terms N, C
NrUN,,. Hence, Ly-patterns (or simply patterns), are built from concept terms
Nc., and role terms Ng. using the L-constructors. Therefore, an Ly-terminology
is a set of pattern definitions of the form C = D, where C' € N¢., \ (NaUN.,) is
a concept name and D is an Ly-description. We allow indeed cyclic definitions
in Ly-terminologies.

3 Note that we adopt a slight different vision of configurations than [5] who considers,
for example, a unique initial configuration idy = (qo, #).



Pattern valuation. Concept (respectively, role) variables take their values from
the infinite set of atomic concept names (respectively, role names). This is
captured by the notion of valuation. A variable valuation is a mapping o :
N¢y U N,y — Ny U Ni which maps concept variables into atomic concepts and
role variables into role names. We denote by Val the infinite set of all such
possible valuations. Valuations are straightforwardly extended to Ly -patterns
by considering that a valuation is the identity on elements of No U Ng. Con-
tinuing with the example of section 1, and taking a valuation o; such that
01(X) = University, 01(Y) = works-for and ¢1(Z) = University we obtain
01(B) = By and 01(B3) = Bj. If we consider now a valuation o9 such that
02(X) = 02(Z) = eSchool and 02(Y) = evaluates we obtain o2(B) = B and
02(B3) = By. Hence, for an Ly-pattern C, o(C) is an L-description. As a conse-
quence, an Ly-pattern C' describes a (potentially infinite) set of £-descriptions
(corresponding to the potentially infinite number of possible valuations). We
extend the notion of valuation to Ly-teminologies as follows: given an Ly-
terminology 7 and a variable valuation o, we denote by o(7) the terminology
made of the definitions of the form A = ¢(D) such that A = D is a pattern
definition in 7. Therefore, an Ly-terminology 7T specifies an (infinite) set of
L-terminologies o(7T), Vo € Val.

Variants of variable semantics. Several possibilities exist to define the seman-
tics of variables depending on the restrictions imposed on variable valuations.
We borrow the notion of non-deterministic reassignment of variables from vari-
able automata semantics [10,8,5], to define in this paper two classes of variable
semantics: refreshing vs. non refreshing variable semantics. The demarcation be-
tween these two kinds of semantics lies in the valuation of variables that appear
in the scope of a terminological cycle. A non refreshing semantics requires to
have a unique valuation of such variables while a refreshing semantics enables to
assign different values to the same variable for each unfolding of a cycle. To make
the meaning of each semantics clear, let us consider again the pattern Bj given
at section 1. A one-step unfolding of Bs leads to the following pattern descrip-
tion: Person M 3Jworks-for. X' M graduated- from.X' M 3has-relative.(Personll
Jworks-for. X" Mgraduated- from.X"” M3has-relative.Bs). A non-refreshing se-
mantics allows only valuations o that satisfy o(X’) = o(X") while a refreshing
semantics permits to have different valuations for X’ and X" (i.e., we may have
o(X') # o(X")). Indeed, in a non-refreshing semantics, the same variable can be
used for both X’ and X" and hence the number of variables used in a (unfolded)
definition is always finite. The case of refreshing semantics is different since in
this case a cyclic pattern refers (implicitly) to an infinite number of variables. To
keep the number of variables finite, we allow the possibility to refresh the values
of a given variable during the unfolding of a given definition. For example, a valu-
ation of the pattern Bs using the assignment o; leads to the definition: o;(B5) =
PersonM3works- for.o;(X")Ngraduated- from.o;(X’')3has-relative.o;11(Bs).

Hence, the valuation of a Ly-pattern C'is provided by a (potentially infinite)
sequence of valuations oy, . .., 0, where g is the initial valuation and where each
valuation ;1 coincides with the valuation o; on the non refreshed variables (i.e.,



/(X)) = 0;41(X)" if X' is not refreshed) while o, assigns new values to the
refreshed variables.

We use the following notation to distinguish between these two classes
of semantics: r-semantics denotes refreshing variables semantics (valuations
Val") while nr-semantics denotes non refreshing variables semantics (valua-
tions Val™"). Let t € {r,nr} and C be an Ly-pattern. We denote by D!(C)=
{o(C) | Vo € Val® } the infinite set of £-descriptions obtained from the pattern
C by the valuations of Valt.

Reasoning in description logics with variables. Let 7 and 7' two Ly-
terminologies. We say that 7 and 7' are coherent if No, N No, = 0.

Let t € {r,nr}. Let C and D be two Ly-patterns of an Ly-terminology 7'
and let E be an L-description of an L-termonilogy 7" coherent with 7'. Let T=
T’ U T". In this paper we are interested by the following reasonings.

— FE is compliant with C' w.r.t. a t-semantics, noted F <%— C, iff there exists
a valuation o € Val such that E C, (1) 0(C) (ie., E is subsumed by o(C)
w.r.t. the terminology o (7)).

— (' is contained in D w.r.t. a t-semantics, noted C' <<tT, D, iff for every L-
description E of an L-termonilogy 7", we have E <! C implies E <) D
(i.e., every description E which is compliant with C' w.r.t. a t-semantics is
also compiant with D w.r.t. a t-semantics),

4 The case of the logic £Ly

In this paper, we study reasoning in the context of a gfp-semantics while we
believe that our framework can be extended to descriptive and lfp-semantics as
well. We are interested by classes of description logics in which reasoning w.r.t. a
gfp-semantics can be characterized using a finite state machine (e.g., automata
or graphs ([3,12]).

We provide below a characterization of compliance and pattern containment,
w.r.t. a gfp-semantics, in £L£y,. We explain briefly how to turn any &Ly -pattern
definition C' into a variable automata A%. To achieve this task, we adapt the
EL-normal form proposed in [3] to ELy-patterns. Let T be an £Ly-terminology.
An ELy-pattern definition C = D € T is in a normal form if D is of the form

D=vin..nvV,niw,.Dyn...n3Iw,.D,

for m,n > 0 and each Vj is either an atomic concept name or a concept variable
(i.e., Vi € NaU N, for i € [1,m]), and D; is a defined concept name (i.e.,
D; € Noy \ (NaAUNg,), for j € [1,n] and each W; is a role term (i.e., R; € Ng,,
(R;). A pattern terminology 7 is said normalized if all the pattern definitions it
contains are in a normal form. W.o.l.g., we assume that two pattern definitions
in a normalized terminology use disjoint sets of variables. It is worth noting
that, since concept variables do not range over defined concept names, the



normalization process proposed in [3] can be straightforwardly extended to
our context to transform any £Ly-terminology into a normalized one. As an
example, a normalized terminology containing the defined concepts of our
running example is given below:

B = Person N Jworks- for.D, M dgraduated- from.Dy

By = Person M 3works- for.Ds M dgraduated- from. Do

By = Person M 3works- for.eSchool M Jgraduated- from.eSchool

By = Person M Jevaluates. D3 M Agraduated- from.Ds

Bs = Person M dworks-for.D4 M dgraduated- from.D4 M has-relative. By
D1 =X

D5 = University
D3 = eSchool
D4 =X’
(a)Mapping EL,-patterns (b)The automaton A%,
Top Top
Yy
\;« Person »

works-for Top

w, . r
Wy @ s has-relative 4
+ graduated-from @

Fig. 1. Mapping £Ly-pattern definitions into variable automata.

Mapping ELy-patterns into variable automata. Let T be a normalized ELy-
terminology. We explain below how to map defined concepts and patterns of T
into variable automata. Let Q7 = N¢, \ (Na U N¢,) be a set of states made
of the defined concepts of 7. Each concept definition or £Ly-pattern C' = Vi N
oMV, M3aw,.Dy N ...N3W,,.D,, of T is turned into a variable automaton
AL = (Yo, Xo, Qc, Qo, 0, F, 1) defined as follows:

— the alphabet Yo C Ny UNrU{Top}, is made of a subset of atomic concept
names, role names and the Top concept,

— the set of variables X C N, U N;.,,, is made of a subset of concept and role
variables,

— the set of states Qc C Q7 U{C, Sy}, is made of the states of ()1 reacheable
from the state C,

— Qo = {C} is the set of initial states of the automaton and F = {S;} is its
set of final states,



— the transitions are unguarded (i.e., G = (). The transition function § is
defined as follows:
o (q,Top,true,Sy) € 6, Yq € Qc, i.e., there is an edge labeled T'op from
every node ¢ in Q¢ to the final state Sy,
o (C,V;,true, Sy) € §, Vi € [1,m], i.e., each term V; is turned into an edge,
labeled V;, from the node C' to the final state S;.
o (C,W;,true,D;) € 6, Vi € [1,n], i.e., each term IW;.D; is turned into
an edge, labeled W;, from the node C to the node D;.
— the refreshing function p is defined as follows:
o if t =7 then p(z) = Qc,Vz € X
o if t = nr then p(z) =0,Vox € X

The proposed mapping of a pattern C =V, M...MV,, N3aW,.DyM...N3IW,.D,
into an automaton AL = (Yo, Xo, Qc, Qo,d, F, 1) is depicted at figure 1(a)
while the figure 1(b) shows the variable automaton A% corresponding to the
pattern Bj of section 1. Figure 2(a) shows E(Al ), the extended automaton
of A, for the case of a variable refreshing semantics (i.e. ¢ = r). Note that,

(a) Refreshing semantics (b) Non-refreshing semantics

has-relative I
graduated-from ¥ v ‘q

has-relative

Fig. 2. The extended automaton E(Af,).

this machine includes an infinite set of initial states (i.e., the configurations
(Bs,04), Yo; € Val"). In the case of a refreshing semantics, the cyclic role has-
relative relates a given state (Bs,0;) to all the other possible states (Bs,0;),
Vo; € Val”, thereby making each machine rooted at an initial configuration
(Bs,0;) an infinite state machine. In the case of a non-refreshing semantics (i.e.
t=nr), E (A%g) is made of an infinite set of, pairwise disconnected, finite state
machines rooted at (Bs, 0;), Vo; € Val™ (c.f., figure 2(b)). The following lemma
establishes a connection between subsumption in ££y and simulation between
instances of variable automata.

Lemma 1. Let t € {r,nr} and let C and D be two ELy-patterns in a ELy-
termanology T. Let o C Val®, then o(C) Ey 1y o(D) iff 0(A}) < o(Af).



Let 7 be an £L-terminology 7. This lemma is derived from the observation
that the set of all the automata E(AL), of the patterns C of T, corresponds
to a slight modification of the notion of £L-description graph [3] of the ££-
terminology o (7), where: (i) a set of final states (Sf, o) with o € Val*, marked
as a final states, is added to the graph, and (%) the atomic concepts are turned
into edges from the nodes representing defined concepts to the final states (S, o).
It is clear that such a transformation of a description graph of a terminology T
preserves the simulation relation between the nodes of the initial graph. Hence,
the characterization of subsumption w.r.t. gfp-semantics using the simulation
relation is still valid in our context.

Therefore reasoning over C' can be reduced to reasoning over the correspond-
ing variable automata Al. However, despite the correspondance established
by lemma 1, reduction of compliance and containment to simulation between
variable automata is not straightforward and requires additional transforma-
tions. Consider for example the following pattern definitions in a terminology
T={E =3r.D3s,A=3X.D;N3Y.Dy,D; = Top, for i € {1,2,3}}. The corre-
sponding automata A%, and A’y are depicted at figure 3(a). It is easy to check
that F is compliant with A w.r.t. any t-semantics. Indeed, for any valuation o
which satisfy o(X) = 0(Y) = r1, we have o(A%) < A%, and hence E C, (1) o(A)
(which implies that E is compliant with A). However, we have clearly A% A Af,.
As a witness of non simulation take any valuation ¢’ which satisfy o’(X) # rq
or o'(Y) # r1, and in this case we have A, 4 Z A}, ) (which implies that
Al £ A%L). Despite this fact, it is still possible to reduce compliance to simula-
tion after a transformation of the automata A’y and A%, into two new automata,
denoted A% and A%, (c.f., figure 3(b)). The main intuition underlying the pro-
posed transformation is to construct new automata that satisfy the following
property: A4 < AL iff 3o € Val® s.t. 0(AY) < AL In the similar way, addi-
tional transformations are needed to reduce containment to simulation as stated
in the following theorem.

(b) The corresponding automata A',‘ and i;

(a) Two automata d, and k‘(

2.4
‘

X

W/

Fig. 3. Reducing compliance to simulation.



Theorem 1. Let T’ be an ELy-terminology and C' and D two &Ly -patterns in
T and let E be a definition in and EL-terminology T"' coherent with T'. Let
T =T'UT". Then there exists guarded variable automata AL, AL, AL, and AL,
such that:

(i) E<yC szflfc < A, and
(i) C <t D iff AL, < AL

The proof of this theorem is given in the extended version of this paper
[13]. We explain below the case (i) (compliance). E <!- C iff AL, < A% Figure
3(b) illustrates the construction of the automata A% and A%, corresponding
to the automata of A% and A%, of figure 3(b). The main idea is to prefix the
automata A% and A%, with a set of transitions that enable to ensure that: A% <
AL iff 3o € Valt s.t. o(AY) < Al The new sr; and gr; states correspond to
states where all the variables are refreshed. Simulation can be viewed as a game
between a player P, which moves in the automaton A%, with an assigned goal
to prove simulation, and a player P4, which moves in the automaton flfq with
an assigned goal to prove that there is no simulation. The rational behind the
proposed construction is to enable Pg to force a choice of a valuation o; that
satisfy simulation if such a valuation exists. This is achieved by the two first
transitions labeled with the constant symbol ¢. At the beginning of the game,
P, choose an arbitrary valuation oy and moves from the state A to ¢;. The
player Pr have a choice between several transitions ¢, that goes in the example
from state E to one of the states si,...,S4. By this deterministic choice, Pg
have the possibility to choose between several classes of valuations, each class
being defined w.r.t. to the relation of the variables of the automata A’ with
the constants that appear in A%. Once such a choice is performed, the player
P4 moves upon the constant ¢ to the state gr; where he has the possibility to
refresh the variables in order to comply with the class of valuation selected by
Pg. The rest of the prefix construction enables the player Pr to synchronize
his own variables with the variables of P4 in order to be aware of the valuation
chosen by P4. These variables are then used in the guards that enable Pg to
enter a ’'universal’ final state s, in the cases where the player P4 cheats (i.e.,
at the state qry, the player P4 picks a valuation that do not belong to the class
selected by Pg). Hence, A, < A%, iff there is a valuation o; (that belongs to the
class of valuations picked by Pg) such that o,(A%) < AL.

Based on the previous theorem, we can provide the following result w.r.t. the
considered reasoning in £Ly.

Theorem 2. Lett € {r,nr}. Then:

(i) Compliance in ELy w.r.t. a t-semantics is NP-complete,
(ii) Pattern containment in ELy w.r.t.a t-semantics is in 2-EXPTIME.

Consider first the case (i). We recall that, E is compliant with C' w.r.t. a
t-semantics, noted F <%— O, iff there exists a valuation ¢ € Val' such that
E Co(7) 0(C). We know from our construction that £ <! C is equivalent to:
Jo s.t o(AL) < AL,



The Compliance problem is in NP: given an oracle which guess a valuation
o, then it is possible to check in polynomial time if o(AL) < A%,.

The NP-hardness is proved by a reduction from graph 3-colorability problem
[11]. Let G = (V, E) be a graph. G is 3-colorable if it is possible to assign to
each node in V one of the three colors in such a way that every two nodes
connected by an edge have different colors. Starting from G and the three colors
{r, g,b}, we construct a compliance problem such that the graph G is 3-colorable
iff Eeotor g%— Cqg. Where E,y,, is a definition in 7’ and Cg a £Ly-pattern
definition in 7”7 and T =T U T".

Construction of the terminology T'. For each color ¢ € {b,r, g}, we include in
T’ a concept definition E. as follows:

- Eb = Hb.ETop
— E, =3r.Epg,
— Eg = E'g.ETOp
— Erop =Top

In addition, 7’ contains the definition Ecoior = Ir.EyM3g. EpN3r.EyMN3b.E4M
3b.E,. M 3g.E,.

Construction of the ELy-terminology T". Given a graph G = (V, E) with V =
{n1,...,nm}, we include in 7" the following set of £Ly-patterns:

— {N; =3X,.Nrop | forie[l,m]} and
— Nrop =Top

In addition, 7" includes the pattern: Co =[] 3X,.N;.
(nin;)€E

Let 7 =T'UT". It is then easy to check that G is 3-colorable iff E oior <Y
Ce.

Complexity of pattern containment (case (ii)) is obtained from theorem 1
which reduces an £Ly-pattern containment test C <<fr D into a simulation test
fl% =< Atc between two GVA. The automaton AtC is exponential in the size of
C and D. Hence, knowing from [5] that simulation is in EXPTIME, we obtain an
immediate 2-EXPTIME upper bound for the £Ly-pattern containment problem.

5 Conclusion

This paper addresses the problems of pattern compliance and containment for
description logics with variables. It considers a framework that cater for cyclic
terminologies and defines two semantics of variables which differ w.r.t. to the
possibility or not to refresh the variables. The paper provides preliminary results
regarding the description logic £L£y , obtained from an extension of £L£ with
variables. Future research work will be devoted to the extension of the approach
to more expressive logics.
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