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Abstract. In this paper, we consider a large class of hierarchical conges-
tion population games. One can show that the equilibrium in a game of
such type can be described as a minimum point in a properly constructed
multi-level convex optimization problem. We propose a fast primal-dual
composite gradient method and apply it to the problem, which is dual to
the problem describing the equilibrium in the considered class of games.
We prove that this method allows to find an approximate solution of the
initial problem without increasing the complexity.
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1 Problem Statement

In this subsection, we briefly describe a variational principle for equilibrium de-
scription in hierarchical congestion population games. In particular, we consider
a multistage model of traffic flows. Further details can be found in [1].

We consider the traffic network described by the directed graph I'* = (V! E*).
Some of its vertices O C V! are sources (origins), and some are sinks (destina-
tions) D! C V1. We denote a set of source-sink pairs by OD' C O!' @ D!. Let
us assume that for each pair w! € OD?! there is a flow of network users of the
amount of d’, :=d., - M , where M >> 1, per unit time who moves from the
origin of w! to its destination. We call the pair w!, alqlv1 as correspondence.

Let edges I'' be partitioned into two types E' = E! [T E*. The edges of
type E' are characterized by non-decreasing functions of expenses 71 ( fell) =

€
L (fL/M). Expenses 71 (fL) are incurred by those users who use in their path



Searching Equilibrium in Hierarchical Population Games 585

an edge e! € E', the flow of users on this edge being equal to fell. The pairs

of vertices setting the edges of type E! are in ‘turn a source-sink pairs 0D?
(with correspondences d2. = fL, w® = e' € Ei) in a traffic network of the
second level I'? = <V2, E2> whose edges are partitioned in turn into two types

E? = E? [T E?. The edges having type E? are characterized by non-decreasing
functions of expenses 734 (f%) := 74 (f%/M). Expenses 72 (f2%) are incurred by
those users who use in their path an edge e € E2, the flow of users on this edge
being equal to ffz.

The pairs of vertices setting the edges having type E? are in turn source-sink
pairs oD? (with correspondences df’ug = 822, wd=e? ¢ Ez) in a traffic network
of a higher level I'® = <V3, E3>, etc. We assume that in total there are m levels:
E™ = E™_ Usually, in applications, the number m is small and varies from 2 to
10.

Let P&}l be the set of all paths in I'" which correspond to a correspondence
w'. Each user in the graph I'* chooses a path p}ul € Pulj1 (a consecutive set of
the edges passed by the user) corresponding to his correspondence w! € OD*.
Having defined a path pqlul, it is possible to restore unambiguously the edges
having type E' which belong to this path. On each of these edges w? € E!,
user can choose a path pi)Q € PUQ)2 (PUQJ2 is a set of all paths corresponding in
the graph I'? to the correspondence w?), etc. Let us assume that each user have
made the choice.

We denote by z!, the size of the flow of users on a path p'! € P! =

pl
[T PL., 22, the size of the flow of users on a path p> € P* = [[ P2,
wleOD! P w2e0D?
etc. Let us notice that
xﬁik >0, pheePl, > mzik =dt,, wheoD* k=1,..,m
pk EPY,
and that

Wttt (=) e ODM (= EX), it =l k=1,...,m—-L

For all k = 1, ..., m, we introduce for the graph I'* and the set of paths P*

a matrix
1, eF e p¥

0 = ot g grerss o = {5 S 00

Then, for all k = 1, ...,m, the vector f* of flows on the edges of thegraph I'* is

defined in a unique way by the vector of flows on the paths z* = {x’;k }pkEP’“:

fk _ le'k

We introduce the following notation

m

w:{mk}:lzl, f:{fk Z;l, deiag{@k o1 -

Let us now describe the probabilistic model for the choice of the path by
a network user. We assume that each user [ of a traffic network who uses a
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correspondence w® € OD* at a level k (and simultaniously the edge e*~1(=

wk) € EF~1 at the level k — 1) chooses to use a path p* € PF, if
k_ Lk kI
P = arg max {=gge (1) + &0,

wk

where g;“,;l are iid random variables with double exponential distribution (also
known as Gumbel’s distribution) with cumulative distribution function

PR < ¢) = exp{—e~$/" B},
where FE =~ 0.5772 is Euler-Mascheroni constant. In this case

Mg} =0, DI = (v%)*7*/6.
Also, it turns out that, when the number of agents on each correspondence
wk € OD*, k = 1,...,m tends to infinity, i. e. M — 0o, the limiting distribution
of users among paths is the Gibbs’s distribution (also known as logit distribution)

exp(—gp (t)/7")
> exp(—gh(t)/%)

sk pk
P EPw,C

x’;k =dk, PP e Ph wk eODF k=1,...,m. (1)

It is worth noting here that (see Theorem 1 below)

k .k k\ _ k k
Y g (8/7") = M{gl;k}pkepik Lgel?;gk{—gpk(t) +€pk}}-

For the sake of convenience we introduce the graph

m m
r=JJrt= <V,E: ]_[E’C>
k=1 k=1
and denote te = 7e(fe), e € E.

Assume that, for a given vector of expenses t on edges E, which is identical
to all users, each user chooses the shortest path at each level based on noisy
information and averaging of the information from the higher levels. Then, in
the limit number of users tending to infinity, such behavior of users leads to
the description of distribution of users on paths/edges given in (1) and the
equilibrium configuration in the system is characterized by the vector ¢ for which
the vector z, obtained from (1), leads to the vector f = Oz satisfying t =

{re(fe)}eeE-

Theorem 1 (Variational principle). The described above fized point equilib-
rium t can be found as a solution of the following problem (here and below we
denote by dom o* the effective domain of the function conjugated to a function

)
I?l;l{@(]},f) : f=0Ox, € X} =— min {vlwl(t/’yl) + ZU:(te)}, (2)

tedomo*
ecE
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where

Uz, f) =0 z)= D oh(fH)+P (@) ++" D> D apln(zy/dy),

elcE1 wleOD? plePil

P)= Y AU+ P+ Y Y ek /), e = [,

e2e 2 w?eEl p?eP?,

P = Y A @ e Y Y (),
ekeEk wkeEk-1 pkeR,’jk

k+1 _ rk
dwk+1 - fwk+17

v = 3 ol () SN (e /),

emeEm™ wmeEm—1pmeP,

—1
dm, = fml,

fe

o) = med e [ rta)az).
0

e

= max{fete — /Te(z)dz} =fe: te=7(fe), €e€EE,
) 0

ngln(t): Z 6empm’tem: Z 56’"’pmtem7

emeEnl emcEm™

g;fk(t) = Z 5€l«pktek — Z 5€kpk’}/k+11/)§,j_1(t/’}/k+1)7k': 1,....,m—1,

ekcEk ekeEk

o) = X ew(-gh). k=1L

kc pk
P GPW,C

VUt = Y A (b).

wleOD?t

2 General Numerical Method

In this subsection, we describe one of our contributions made by this paper,
namely a general accelerated primal-dual gradient method for composite mini-
mization problems.

We consider the following convex composite optimization problem [3]:

iy [6(2) = f(a) + (2] 9
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Here @ C FE is a closed convex set, the function f is differentiable and convex
on @, and function ¥ is closed and convex on @ (not necessarily differentiable).
In what follows we assume that f is Ls-smooth on Q:

V(@) = Vil < Lplle =yl Vo, ye@. (4)

We stress that the constant Ly > 0 arises only in theoretical analysis and not in
the actual implementation of the proposed method. Moreover, we assume that
the set ) is unbounded and that Ly can be unbounded on the set Q.

The space E is endowed with a norm ||-|] (which can be arbitrary). The
corresponding dual norm is |g||, := maxzep{{g,z) : ||z| < 1}, ¢ € E*. For
mirror descent, we need to introduce the Bregman divergence. Let w : @ — R
be a distance generating function, i.e. a 1-strongly convex function on @) in the
|| ||-norm:

W) 2 w(@) + W)y -+ ly-al®,  VryeQ ()

Then, the corresponding Bregman divergence is defined as

Va(y) i=w(y) —w(z) — (W(z),y—z), 2,y€Q. (6)

Finally, we generalize the Grad and Mirr operators from [2] to composite
functions:

Gradp(z) := argrgin {(Vf(x),y —z) + g ly — :16||2 + W(y)} , TEQ,
ye

Mirr] (g) := argmin {<g, y—z)+ le(y) + W(y)} : geEE", z€Q.
yeQ «Q
(7)

2.1 Algorithm description

Below is the proposed scheme of the new method. The main differences between
this algorithm and the algorithm of [2] are as follows: 1) now the Grad and Mirr
operators contain the ¥(y) term inside; 2) now the algorithm does not require
the actual Lipschitz constant Ly, instead it requires an arbitrary number Lo
and automatically adapts the Lipschitz constant in iterations; 3) now we need
to use a different formula for a1 to guarantee convergence (see next section).

Note that Algorihtm 1 if well-defined in the sense that it is always guaranteed
that 7, € [0,1] and, hence, 241 € @ as a convex combination of points from Q.
Indeed, from the formula for a1 we have

1 1
L > —+t—+ | L =1, 8
g1l 2> ( 4Li+1 + 2Lk+1> k+1 (8)

1

therefore Tk = m

! The number Lo can be always set to 1 with virtually no harm to the convergence
rate of the method.
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Algorithm 1 Accelerated gradient method.
Require: zo € Q: initial point; 7: number of iterations; Lo: initial estimate of L.
yo(—$0720<—$0,0m<—0
for k=0,...,7—1do
Lk+1 < IIIE:LX{L(]7 Lk/Q}
while True do
Q41 < CM% I

Ly 1 1
: and 7
P + i, + EyreE K

Trt1 < Tezk + (1 — o) Yk
yrt1 < Gradr, , (zry1)
i f(yes1) < F(@ren) + (V@) Yot — Trs1) + 2552 [yrsr — e || then
break
Lyy1 < 2Lgk41
end while
Zk+1 Mirrg,f“ (Vf($k+1))
end for
return yr

2.2 Convergence rate
First we prove the analogues of Lemma 4.2 and Lemma 4.3 from [2].

Lemma 1. For any v € Q and 1, = we have

1
ak+1Lk+1

1 (Vf (@rg1), 26 — 1) < 034y Liogr (S(@rg1) = d(Wnor1)) + (Ve (0) = Vi, (1))
+ 1% (u) = (@1 L)W (@41) + (G Der — ars )P (gr). - (9)

Proof. From the first order optimality condition for zj 41 = MirrZ " (V f(2r41))
we get

1,
<Vf($k+1) + ;kvzk(zk+1) + V' (2k41), Zhr1 — u> <0, VueQ. (10)

Therefore

e 1V f(@ht1), 21 — w)
= a1 (VI (@ht1)s 26 — 2ht1) + et 1 (V f(Tr41), 201 — )
< @1V (@r41)s 26 — 241) + V2, (2141), u = 2i41)
+ 1 (P (2j41), U — Zjs1)
< (k41 (Vf (@k41), 20 — 2k41) — k1% (2041))
+ (V2 (Zht1), u = 241) + a1 P (u),

2k

(11)

where the second inequality follows from the convexity of ¥.
Using the triangle equality of the Bregman divergence,

Vay),u—y) = Ve(u) = Vy(u) — Va(y),



590 Pavel Dvurechensky et al.

we get

<Vzlk (Zk-‘rl)’ U= Zk+1> =V (u) — Vzk+1 (u) -V (Zk-‘rl)
(12)

IN

1 2
Vzk (u) - ‘/Zk+1 (U) - 5 ||Zk+1 - zk” )

where we have used V., (2541) > 3 ||z541 — 2]/ in the last inequality.
So we have

k1 (Vf (@r41), 20 — )
< (awnt¥F @), o = s = 3 o = 2l —ona¥Gi) (3
(Va0 = Veyya () + )

Define v := 12511 + (1 — 7% )yr € Q. Then we have xg 1 — v = 7% (2 — 2k+1)
and 7P (zk+1) + (1 — 7)% (yr) > ¥(v) due to convexity of ¥. Using this and the
formula for 75, we get

1
(s (T = 2 = 3 lowsa = sl = #rn))

(092 1 AL
< ( 1 (1), 0 — hsn) + g |0 — 2 |2+ “wv))
Tr 2’7’k Tl

+ Ozk+1(1 — Tk)
Tk

¥ (y)

L
< ~(at L) ((VF om0 = onen) + 2L o= a0

A

+ (041 L1 — 1) ¥ (yi)

Lyt
< ~(tau) (FF@k) = 210) + 252 i = ol + W) )

+ (1 Lkt — arg1)¥ (yr)

Here the last inequality follows from the definition of yx11. -
Note that by the termination condition for choosing Lg1; we have
O(Yr+1) = f(Yr+1) + ¥ (Yr+1)

< Sf@k41) + (VS (@hs1), Yrt1 — Trtr)
+ Lk;l lytr = @rsa |” + ¥ (ysr) (15)
= O(@p41) + (VI (@h41), Yrt1 — Trt1)
+ LI;H Iy — sl + P (yrs1) — U(@pin).

After rearranging:

- ((Vf(l‘kﬂ), Ykt1 — Thy1) + Lk;l Yht1 — T ||” + W(ykﬂ)) (16)

< (@rt1) = ¢(Ykt1) — Y(Tht1)-
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Hence,

N

1
(T ), = 2n) = 5 o =l = Paus))

< (g1 Lig 1) (0(@rs1) — 0(Wt1)) — (1 L) ¥ (2h41)
+ (a1 L1 — 1) ¥ (yr).

(17)

Finally, combining the previous estimates, we get

Wt (Vf (@rg1), 26 — w) < (0741 L) (D(2h41) — ¢(Yrt1))
+ (Vo (u) = Vapyy () — (@1 L)W (2h41) - (18)
+ (g1 L1 — ae) P (yr) + a1 ¥ (u).

Lemma 2. For any u € Q and 1, = m we have

(a1 L) (Wrt1) — (g L1 — ky1)d(ys)

< i (P + (VI (@osa) o — wpgn) + P (w)) + (Vo (1) — Vipor (). )

Proof. Using convexity of f and relation 7 (zx+1 — 2k) = (1 — 7) (Y — Th+1),
we obtain
o1 (Y (@t1) — ¥(u)) + o1 (Vf(@ht1), Trs1 — )
= a1 (Y (zps1) — ¥(u) + appr (VF(@rt1), g1 — 25)
+ a1 (V f(@ht1), 26 — w)

Ozk+1(1 — Tk)

< ap1 (Y (Tpg1) — ¥(u)) + ™

( (VI(@rt1) Yk — T1)
+ ap 1 (Vf(@pg1), 21 — ) (20)
< a1 (P (2pg1) — ¥ (w) + (@i Lipr — o) (F(yk) — f(@r11))
+ e 1 (Vf(@ht1), 21 — w)
< ps10(Th1) — app1 ¥ (u) + (01 L1 — akgr) f (uk)

— (afi1 L 1) f(@rs1) + st (V F (Thg1), 21 — ).

Now we apply Lemma 1 to bound the last term, group the terms and get

W1 (Y (wp11) — () + a1 (VI (Thg1), Thgr — w)
< o1 3(@rs1) = (0311 Ly 1)d(Yhs1) (21)
+ (04%+1Lk+1 - ak+1)¢(yk) + (Vzk (u) - V2k+1 (U’))

After rearranging, we obtain (19). O

Now we are ready to prove the convergence theorem for Algorithm 1.
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Theorem 2. For the sequence {yi}r>0 in Algorithm 1 we have

T
(a7 Lr)¢(yr) < min {Z ok (f(ze) + (Vf(zr),u—zk) + ¥ (u)) + VzO(U)}
k=1

z€Q
(22)
and, hence, the following rate of convergence:
o ALfR?
dlyr) — #(a") < 5 (23)
Proof. Note that the special choice of {ay}r>o in Algorithm 1 gives us
ai+1Lk+1 — Qfp1 = OéiLk, k>0. (24)

Therefore, taking the sum over k = 0,...,7 — 1 in (19) and using that ay = 0,
V.r(u) > 0 we get, for any u € @,

T
(a7 L1)o(yr) < Zoék (f(@r) +(Vf(zr),u—ak) + (u) + Voo (w)  (25)
k=1

and (22) is straightforward. At the same time, using the convexity of f(z), the
definition of ¢(x), and u = z* = argmin,, ¢(x), we obtain

T
(a7 Lr)d(yr) < 2161651 {Z ag (f(zr) +(VF(@k),u —zg) + (u)) + Vz (U)}

k=1

< <Z Oék) (™) + Voo (27).
k=1

(26)
From (24) it follows that Zle ay = oz Ly, so

1
Oz%LT

o(yr) < o(z*) + Vao (7). (27)

Now it remains to estimate the rate of growth of coefficients Ay := aﬁLk. For
this we use the technique from [3]. Note that from (24) we have

A
Apt1 — A = L:f (28)
+

Rearranging and using (a + b)? < 2a? + 2b% and Ay < Ap, 1, we get

2 2
Apy1 = L1 (Apy1 — A)? = Ly (\/ Agg1 + \/Zk) (\/ Agt1 — \/Zk)

2
< 4Lgi1Ak+1 (\/ A1 — mk)
(29)
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From this it follows that

K
1 1
VA1 = 3 ;:0 i (30)

Note that according to (4) and the stopping criterion for choosing Lj41 in Al-
gorithm (1), we always have L, < 2Ly. Hence,

E+1 (k+1)?
VA > — — A > 31
k+1 = 9 TLf k+1 Z 8Lf ( )

Thus, combining (31) and (27) with V,, (z*) =: %2, we have proved (23). O

Using the same arguments to [3], it is also possible to prove that the average
number of evaluations of the function f per iteration in Algorithm 1 equals 4.

Theorem 3. Let Ni be the total number of evaluations of the function f in
Algorithm 1 after the first k iterations. Then for any k > 0 we have

L
Ny, < 4(k + 1) 4 2log, ff (32)
0

3 Application to the Equilibrium Problem

In this section, we apply Algorithm 1 to solve the dual problem in (2)

R CARULRRD BEA(R)S

ecE
with ¢ in the role of z, v*!(t/4') in the role of f(z), and > o¥(t.) in the role

ecE
of ¥(z).
The inequality (22) leads to the fact that Algorithm 1 is primal-dual [6-9],
which means that the sequences {¢'} (which is in the role of {z}}) and {¢'} (which
is in the role of {yx}) generated by this method have the following property:

YL E A+ o
ecE
1 T
_teggla* {A; a;(y 7/) tz/'V )+ <V1/1 (tl/’Y +eze;g }
(33)
2

where

Ly < (1/ mln k) Z diy - (1

7 )m
wleOD?
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with [, being the total number of edges (among all of the levels) in the longest
path for correspondence w?!,

D » B, Iy * » 7. x\ 2
Ry =max{R}, B3}, R3=(1/2)F -5, R5=(1/2)) (m(f) -t
ecE

f is defined in Theorem 2, the method starts from t° = £, ¢t* is a solution of
the problem (2).

Theorem 4. Let the problem (2) be solved by Algorithm 1 generating sequences
{t"}, {t'}. Then. after T iterations one has

2
0< (YUl + Y o)) + w7 < 228

ecE

where -
i _ i 14671 i [ ki k=1,...m
f’L =0z = _V’(/} (tl/,y )7 r' = {xpk }pkePkk,wkeODk’

k (45 /~k
. exp(—g (") /vy
xk;: :dik ( pk( k)/ ' ) -, pk c P,f]k, wk c ODk, k= 1,...m,
P > exp(—gg (1) /%)
PREPR,

[ERR R I I o
- 3 ) - 3 N
Ar i=0 Ar i=0

Theorem 2 provides the bound for the number of iterations in order to solve
the problem (2) with given accuracy. Nevertheless, on each iteration it is neces-
sary to calculate Vb (t/y1) and also 1t (¢/41). Similarly to [9-11] it is possible to
show, using the smoothed version of Bellman—Ford method, that for this purpose
it is enough to perform O(|O||E] max l,1) arithmetic operations.

w

In general, it is worth noting that the approach of adding some artificial
vertices, edges, sources, sinks is very useful in different applications [12-14].
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