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Abstract. We study control problems for the 2D electromagnetic field model
describing scattering TM-polarized electromagnetic waves in unbounded ho-
mogeneous medium containing a penetrable inhomogeneous dielectric obstacle
with the boundary partially coated for masking. These problems arise when
developing the design technologies of electromagnetic cloaking devices using
optimization method. Two constitutive parameters: variable refraction index
of the obstacle and surface conductivity of the coated part of the boundary
play the role of controls. Solvability of control problems is proved, the opti-
mality system which describes the necessary conditions of extremum is derived,
uniqueness and stability of optimal solutions are established. Two numerical
algorithms are proposed and discussed. The first of them is based on strategy
“optimize-then-discretize” and the second one is based on opposite strategy
“discretize-then-optimize”.
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1 Introduction. Statement of Direct Problem

In recent years significant research has focused on design of devices cloaking material
objects from detection of radar system. Beginning with papers [8,11,13] the large
number of papers (see, e.g., [5, 7,10, 12, 15]) was devoted to developing different schemes
of cloaking. These schemes include metamaterial cloaking based on transformation
optics (TO) proposed by Pendry et al. [13], conformal method proposed by Leonhardt
[11], plasmonic cloaking method based on scattering cancellation proposed by Al and
Engheta [5], mantle cloaking, impedance cloaking, etc.

Development of the above-mentioned approaches have opened up the opportunities
for creation the invisibility cloaking design strategies. They obtained the name of di-
rect design strategies as they were based on solving the forward electromagnetic (or
acoustic) problems. It should be noted that the invisibility devices (hereafter, cloaks)
designed on the basis of direct strategies possess serious drawbacks. The main one is the
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difficulty of their technical realization. For example, the design of the TO-based cloaks
involves extreme values of constitutive parameters and spatially varying distributions
of the permittivity and permeability tensors which are very difficult to implement [18].

That is why the another cloak design strategy began develop recently. It obtained
the name of inverse design as it is related with solving inverse electromagnetic (or
acoustic) problems. The optimization method forms the core of this inverse design
methodology. This enables us to solve some substantial limitations of previous cloak-
ing solutions. A growing number of papers is devoted to applying the inverse design
methodology in various cloaking problems. Among them we mention [14, 16, 17] where
numerical optimization algorithms are applied for finding the unknown material pa-
rameters of TO-based cloak. It was shown there that the optimized multi-layer cloak
essentially outperforms the similarly sized metamaterial cloak designed by using the
TO approach. In [18] the authors review the invisibility cloak design methodologies
and discuss the recent transition from forward design to inverse design. We also men-
tion papers [1-4] where the mathematical apparatus for solving impedance cloaking
problem on the basis of optimization approach is developed.

This paper is devoted to theoretical analysis of control problems for 2D electromag-
netic wave scattering model. These problems arise when optimization method is applied
for solving cloaking problems for respective 2D electromagnetic scattering model.

We begin with formulation of the direct scattering problem. Let {2 be a bounded
domain in R? with a connected complement 2¢ := R2\(2 and Lipschitz boundary I"
consisting of two parts I'p and I'7. We consider the scattering problem for TM-polarized
electromagnetic waves in homogeneous medium containing penetrable inhomogeneous
dielectric obstacle {2 with coated partially (for masking) boundary. Mathematically
this problem is reduced to finding functions w in £2 and u = u™° + u° in £2¢ satisfying
equations

Aw + E*n(z)w = 0 in 2, Au+ k*u =0 in £2°, (1)
mixed transmission conditions on the boundary I"
ow Ou ow OJu
w u|F -y 81/|FD -y aylpl 177(15)“ ( )
and the Sommerfeld radiation condition in R?
8 S
lim vr(oe —iku®) =0, r = |z|. (3)

r—00 or
Here u™¢ is the incident wave, u® is the scattered wave, k is the wave number, k? =
goptow? where w is an angular frequency, €9 and g are constant electric permittivity and
magnetic permeability, n(x) > 0 is a variable index of refraction of dielectric obstacle
£2, n is the surface conductivity of the coated part I'; of I', 7 is an imaginary unit, v is
the outward (relative to {2) unit normal on I.

One can find the formulation and brief analysis of problem (1)—(3) in [6]. Besides,
in [6] the inverse scattering problem of recovering the shape and surface conductivity
of a partially coated dielectric infinite cylinder from the far field data was also stud-
ied. The control problems considered in our paper consist of minimization of certain
cost functionals dependent on the state (electromagnetic field) and unknown functions
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Fig. 1. Geometry of cloaking problem

(controls or design parameters) satisfying equations (1)—(3). As the cost functional we
choose one of the following:

L(U) /Q|Uud|2d:17, L(U) :/F |U — u?|?do. (4)

Here U is the function equalled to w in 2 and to w in ¢, function u¢ € L%(Q)
(or u? € L2(I})) describes the field measured in some subdomain @ C £2¢ or on
the boundary I of the disc B, of the radius r containing {2 inside. In the case when
u? = 4™ the functional I;(U) (or I5(U)) has the sense of squared mean-square integral
norm of the scattered field u® over @ (or over I.). As controls we choose index of
refraction n and surface conductivity 7. We assume that n and 7 are elements of
Sobolev spaces H"(2) and H*(I'y) and define the following regularized functional:

Qp Qg Q2
Ji(U,n,n) = EIJ'(U) + 7”””%(9) + ?Hnﬂifs(ny (5)

Here 7 = 1 or 2, ag, a1 and as are nonnegative parameters specifying the relative
importance of each term in (5). We want to find controls n,n and the associated state
— electromagnetic field U = (w, u), such that the functional J;(U,n,n) defined in (5)
is minimized subject to state equations (1)—(3).

The rest of the paper is organised as follows. In Section 2 we reduce unbounded
problem (1)—(3) to an equivalent problem considered in bounded domain and prove
the correct solvability of the latter problem. In Section 3 we prove the existence of a
solution of control problem and derive an optimality system. Based on analysis of the
optimality system we prove further in Section 4 uniqueness and stability of optimal
solutions. Then in Section 5 we propose and discuss two numerical algorithms for
solving our control problem.

2 Functional Spaces. Solvability of Direct Problem

Let us introduce the function spaces to be used in the subsequent analysis. Let Bg
be the disc of radius R containing 2, 2. := 2°N Br. We will use the spaces H*({2),
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H(£2,), HY(Bg), L*(Q), L*(I7), HY*(I'g), H~Y/?(I'g), L>(I'1), H*(I';) with norms

- ls.2 1 lees Il - ll@s U s 1 1lay2,res T l=1y2,005 | Ny and (|- [ls,
respectively. The scalar products and norms in H"(£2), L*(2), H*(I';) and L*(I) will
be denoted by ("')T,Qa ” ’ ”T,Q? ('a')()’ H ’ HQ; ('v')S,FIa ” : ”SJ_'I and (.’.)FI’ ” ’ ||FI7
respectively.

Along with the space H'(§2) we will consider it’s subspace H'(A, 2) := {w : w €
HY(2), Aw € L*(2)} equipped with the norm ||w||%11(A,Q) = |lw|]} o + [[Aw|3,. Tt
is well known (see [9, p. 28]) that any function w € H'(A, 2) has the trace yyw =
Ow/dv|r € HY/2(I') and the following Green formula holds:

(Aw,w)o = —(Vw, Vw) g +/ %wdo Yw € HY(0). (6)
r

Here and below integral over I" (or over I'g) denotes the duality pairing (-, ) between
HY2(I') and H='/2(I") (or between H/?(I'g) and H~'/?(I'g)). Similar formula holds
and for the domain (2..

We also need the space X = H'(Bpg) with the norm |- ||x :=||-||1,5, and the space
Hive = H"e(02,) = {u € H'(£2.) : Au+k?u =0 in (2.} with the norm ||u||; o, . These
spaces will be used for describing properties of the weak solutions of problem (1)—(3)
and for describing incident waves u'"¢, respectively. By X* we denote dual of space
X. Let Lo (2) = {n € L>=(2) : n(x) > no}, H}, (2) = {n € H'(2) : n(x) > no},
Lo(I'r) = {n € L>(I7) : n(x) = no} and H, (I'7) = {n € H*(I7) : n(z) = no}
where ng = const > 0, 19 = const > 0,7 > 0,s > 0. These sets will serve for describing
properties of index of refraction n and conductivity 1. We note that continuous compact
embeddings H"(2) C L>(2) at r > 1 and H*([7) C L*>(I7) at s > 1/2 take place (if
I't € CY1) and the following estimates hold:

Il (2) < Chlinllre ¥r € H™(82), |Inllzer,) < Cslnlls,r, ¥ € H(I7).  (7)

Here C! (or Cj) is the constant dependent on r and {2 (or on s and I7).

Now we are in position to study problem (1)—(3). We begin with reducing problem
(1)—(3) to an equivalent problem considered in the disc Bg. For this purpose we define
the Dirichlet-to-Neumann (DtN) operator T' : HY/2(I'r) — H~'/?(I'g) that maps every
function g € H'/?(I'g) to a function di/0v € H~'/2(I'g) where 4 is a solution of the
exterior Dirichlet problem for the Helmholtz equation Aw + k%4 = 0 in £2¢\Bg with
condition @|r, = g. It is well known that problem (1)—(3) is equivalent to problem
(1), (2) considered in the disc B under the following boundary condition for scattered
field u® on I'y:

ou’/0v =Tu® on Ig. (8)
We will refer to (1) in £2U £2, (2) and (8) as problem 1.

Let us multiply the first equation in (1) by ®|o where @ € X is a test function,
integrate over (2 and apply the Green formula (6). We obtain

— — —0
/ (V@ -Vw — kan)w) dr = / 2% 4o, (9)
0 s 61/
Here and below @ denotes the complex conjugate of @. In a similar manner, we multiply
the second equation in (1) by |, , integrate over (2., apply the Green formula for the
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domain 2, and add with (9). Using the boundary conditions in (2) and condition (8)
for u® we arrive at the following identity with respect to function U := (w,u) € X:

MU, ®) = ag(U, D) — a, (U, ®) — a,(U, D) = (f,) VP e X. (10)

Here and below index A denotes the pair (n,7), ag, an, a, and f are sesquilinear and
linear forms defined by

(VS - VU — k*®U)dx — / STUdo,  (11)

I'r

ao(U, ) ::/ vé-VdeJr/
2 (P

e

an(U,®) = K*(nU,®) o := k2/

n®Udz, a,(U,®) :=i(nU,®)r, := z/ n@Udo, (12)
e}

I'r

o inc

(f,®@) := —/ 5Tumcda+/ @au do, A= (n,n). (13)
I'r I'r 31/

The solution U € X of problem (10) is called a weak solution of problem 1.
Using the embedding theorems, trace theorem and the properties of DtN operator
T it is easy to derive the following estimates for forms ag, an, a,, f:

laoll < C1, llanll < Crllnll L) lagll < Cillnlle s [fllx- < Crllu™[lq,. (14)
Here C; is a constant dependent on £2, k and R. We note that the sesquilinear form a*
introduced in (10) defines operator Ay : X —=X* by (A,\U,®) = a*(U,®) for all U € X,
@ € X and problem (10) for U € X is equivalent to equation

AU = f. (15)

Using properties of forms ag, a,, a, and operator 17" one can prove arguing as in
[2] that the operator Ay is an isomorphism. Denote by A;l : X* — X the inverse
of the operator Ay. Let Cy = ||A}'||. Tt follows from the results above that for any
element f € X* equation (15) has a unique solution Uy € X which satisfies the estimate
|UAlx < Cxllf|lx-. Besides, in the case when index of refraction n and conductivity
1 belong to nonempty bounded sets K1 C H;, (£2), 7 > 1 and Ko C Hy (I7), s > 1/2
one can show proceeding as in [2] that the solution Uy of (15) satisfies the estimate
Ul x < Collfllx- where constant Cy is independent of X. Using estimate || f||x- <
C1|[u"||1. . from (14) and setting Cy = CoC} we rewrite this estimate as

U MIx < Collu™[l1,0. VA= (n,n) € K1 x Ka. (16)
Let us formulate the result obtained as the next theorem.
Theorem 1. Let I' € C%', I'1 € CY' and let Ky C H;, (2) and Ky C H; (I'7) be
nonempty bounded sets where r > 1, s > 1/2. Let u'™® € H™ be an incident field.

Then for any pair (n,n) € K1 x Ko problem (10) has a unique solution Uy € X which
satisfies estimate (16) with constant Cy independent of .
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3 Solvability of Control Problem. Optimality System

In this Section we formulate and study our control problem. We assume that controls
n and n can change in certain sets K; and K>. More precisely, the following conditions
are assumed to hold:

G) e COt It € CYY ap > 0; Ky C H] (£2) and K> C H;;O(FI) are nonempty
convex closed sets where ng=const > 0, no=const > 0, r > 1, s > 1/2.

Let K = K; x K3, A = (n,n). Defining the operator G : X x K x H"® — X* by
(G(U,\,uim®), @) = ag(U, ®) — k?(nU,®) — i(nU,®)r, — (f,®P) for all ® € X consider

the constrained minimization problem

Qp aq Q2 .
JUN) = ZIU) + Flnll o + il r, — in,

GUNu™) =0, (U\) eX x K, A= (n,n). (17)

Here I : X — R is a weakly lower semicontinuous cost functional. Denote by Z,; =
Zaa(ui™®) := {(U,\) € X x K : G(U, \,u™®) = 0,J(U,\) < oo} the set of admissible
pairs for problem (17).

Theorem 2. Let under conditions (j) I : X — R be a weakly lower semicontinuous
functional, u'™¢ € H™® and Z,q be nonempty set. Suppose that a1 > 0, ag > 0 and
K is bounded set or ay > 0, ag > 0 and functional I is bounded below. Then problem
(17) has at least one solution (U, \) € X x K.
Proof. Let (Upn,Am) € Zaq where N\, := (1), ) be minimizing sequence for
which
lim J(Up, A\) = inf  J(U,N) = J".

m—00 (U,N)€Zaa

From conditions (j) and Theorem 1 the following estimates follow:

||nm||r,ﬂ < c, ||77m||s’l“1 < e, HUm”X < cs.

Here ¢y, ca,c5 are some constants which are independent of m € N = {1,2,...}. By
definition of Z,4 the pair (U, Ar,) satisfies the identity

a0 (U, @) — k2 (0 Upn, @) 2 — i Upn, @)y = (f, &) VP € X, m € N.  (18)

It follows from the estimates above that there exist weak limits n, € Ky C H;, (£2),

n. € Ko C Hp (I'T) and U, € X of some subsequences of the sequences {n,,},

{nm} and {U,,}. Using this fact and compactness of embeddings H"({2) C L*>(2)

at r > 1, H*(I't) C L>=(I) at s>1/2 we conclude (passing if necessary to subsequen-

cies) that U, — U, € X weakly in X and Up|o — U.|e weakly in L*(2), Unlr, —

U.|r, weakly in L2(I7), nm — n« € K1 strongly in L>(82), 1, — 0. € Ko strongly in L (I7).
Let us pass to the limit in (18) when m — 0. Using (14) we obtain that the pair

(Us, As) where Ay := (n., ) satisfies

ao(Us, @) — k2 (nUs, ®) o — i(nUs, @), = (f, ) VP € X. (19)
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This means that G(U,, A, u'™¢) = 0. Since J is weakly lower semicontinuous on X x K,
we have J(U,, \.) = J* which proves the theorem.

We note that the assertion of Theorem 2 is valid for both functionals I;(U) and
I5(U) since they are nonnegative and are weakly lower semicontinuous.

The next stage in the study of control problem (17) is to establish sufficient con-
ditions on the input data under which its solution is unique and stable for particular
cost functionals. For this purpose we make use the approach developed in [2,3]. Tt is
based on the derivation and analysis of an optimality system describing the first-order
necessary conditions for an extremum in problem (17). Arguing as in [3] one can prove
the following result.

Theorem 3. Let under conditions (j) the triple (U,n,7) € X x K be a solution of
problem (17) where the functional I(U) is continuously differentiable with respect to U
in the point U. Then there ezists a unique nonzero Lagrange multiplier P € X which
satisfies the Fuler-Lagrange equation

ao(¥, P) — k*(A¥, P) g — i(7W¥, P)p, = —(a0/2)<I{J(U), DYV e X (20)
and the minimum principle holds which is equivalent to inequalities
o1 (i, n —1)p.o — k*Re((n — 1)U, P)q >0 VYn € K, (21)

a2(ﬁa77 - ﬁ)S,FI - Re[z((n - ﬁ)ﬁ,P)['I] >0 V77 € Ks. (22)

Direct problem (10), the Euler-Lagrange equation (20) which has the sense of ad-
joint problem for the adjoint state P € X and variational inequalities (21), (22) con-
stitute the optimality system for control problem (17). The optimality system plays
an important role in studying the properties of solutions of the control problem. On
its basis, efficient numerical algorithms of solving problem (17) can be developed. In
addition, using analysis of the optimality system one can establish the sufficient condi-
tions on the initial data providing the uniqueness and stability of solutions of particular
extremal problems.

4 Uniqueness and Stability of Optimal Solutions

We assume that the incident field u"¢ can change in a bounded set K¢ c H™e,
Denote by (Uy,n1,7m1) € X x K a solution of (17) corresponding to given field u‘"¢ =
ui™® € K¢, By (Ua,na,1m2) € X x K we denote a solution of problem

JUN) = 2IU) + Fn

Q2 .
o+t 7Hn|\§,m — inf,

GUNa"™) =0, (UN) e X xK, \=(n,n). (23)

It is obtained from (17) by replacing functional I(U) by another functional I(U) and
replacing incident field u""¢ by another incident field @"¢ = ui*¢ € K¢, We assume
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that the set K is bounded and derive one important inequality for the difference of
solutions of problems (17) and (23). We note firstly that by Theorem 1 the following
estimates hold for U;, [ =1, 2:

1Ullx < My = Cosup [u™ |10, u™ € K™, (24)

Denote by P, € X , I = 1,2 Lagrange multipliers corresponding to solutions
(U, ny,m). By Theorem 3 P;, 1 = 1,2 satisfy identity

ao(¥, Pr) — k*(m¥, P) o — i(m¥%, P)r, = —(ao/2)(I;;(U)),¥) YW € X.  (25)
Set u¢ = ui"¢ — uie,
n=ny—ng, n=m—n2, U=U1-Us, P=P— P, f=f1— [ (26)
We subtract the identity (10) written for Us, na, 12, u&™ from (10) for Uy, ny, 0y, ui™
to obtain the following equation for the difference U = Uy — Us:
ao(U, ®) — k*(noU, @) — i(n2U, ®)r, =
= k*(nUy, @) +i(nUy, @), + (f. @) VO € X. (27)
Using estimates (7), (14) and (24) we deduce that
|k?(nUs, @) | < C1C|InlloMull®|x, (U1, @)1, | < C1Csllnlls,r, Mull®]x.  (28)
It follows from (28) and Theorem 1 applied to problem (27) for U that

[Ullx < Co(CL.My|nllre + CsMylnlls,r, + [u"|l1,0.), Co:=C1Co.  (29)

We set n = ny in (21) written at 7 = na, U= U,, P = P, and then we set n = nsy
in (21) written at 7 =ny, U = Uy, P = P;. Using (26) we obtain

a1(n2,n)r.a — k*Re[(nUs, P2)g] > 0, —ai(n1,n)r0 + k*Re[(nUy, Py)g] > 0.

Adding these inequalities we arrive at the following inequality for n,U and P:

—k*Re[(nU, P1)go + (nUs, P)o] < —aq||n||? . (30)
In a similar manner we obtain the following inequality for n,U and P:

—Reli(nU, Pr)r, +i(nUs, P)r,] < —aalnll} r,- (31)
Let us subtract (25) at [ = 2 from (25) at [ = 1. Setting ¥ = U we obtain

ao(U, P) — k*(naU, P) g — k*(nU, Py) o — i(n2U, P)p, —

—i(nU, Pr)r; = —(ao/2)(I;;(U1) = I (U2), U). (32)
We set & = P in (27), subtract from (32) and add the real part of obtained result
with (30) and (31). Using relation (nU, Py)o + (nUsz, P)g — (nU1, P)o = (nU, P1)o —

(nU, P)o = (nU, Po)g and analogous one for terms in (32) containing n we arrive at
the inequality

(a0/2)Re[(I7;(Ur) — Iy (U2), U)] < —au|nl?, o — asllnll2 1+
+Re[k?*(nU, P, + P2) o +i(nU, Py + Py)r, — {f, P)]. (33)

Let us formulate obtained results as the Lemma.
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Lemma 1. Let in addition to conditions (j) K and K™ C H™° be bounded sets
and let the triples (Uy,ny,m) and (Uz,na,m2) be solutions of problems (17) at u™® =
ui™ € K™ and (28) at @™ = ui*® € K™, respectively. Let functionals I(U) and
f(U) be continuously differentiable and let P, be Lagrange multipliers corresponding
to (U, ni,m), L = 1,2. Then the estimate (29) for the difference U := Uy — Uy and
inequality (33) for differences defined in (26) hold.

Based on Lemma 1 we are able now to study uniqueness and stability of solutions
of control problem

J;j(U,n,n)—inf, G(U,\,u"™) =0, (U, N)eXxK, A= (n,n), j=1,2 (34)

for particular cost functionals defined in (4), (14). We begin with the case j = 1
corresponding to functional I1(U) := ||U — ud||2Q. Denote by (U, n1,m1) the solution
of (34) at j = 1 corresponding to given functions u? = u¢ € L?*(Q) and u™¢ = ui"c €
K™me ¢ H™me, By (Ua,n2,n2) we denote the solution of (34) at j = 1 corresponding to
perturbed functions 4% = ug € L?(Q) and @™"° = ui"® € K¢, Setting u? = uf — ud in
addition to relation (26) we have

(L), 9) = 2(Up — uf ¥)q, (I1(Uh) — [,(U2),U)) = 2(|[UI§ — (U, u?)q)

Then the identity (25) for Lagrange multiplier P, € X and inequality (33) for differences
(26) take the form

ao(Jl, Pl) — kQ(mW,Pl)Q — Z'(myv/, Pl)pI = —Ozo(!p, Ul — uld)Q Yo S )(7 (35)
ao(|U§) — Re(U,u?)q) < Re[k*(nU, Py + P2)o+

+i(nU, PL+ Po)r, = (f, P)] = aalInll? o — acllnllZ 1, (36)

Firstly we estimate multipliers P;, P, and the term (f;, P) entering into the right-
hand side of (36). To this end we consider the problem (35) for Lagrange multiplier P,
which is equivalent to the following equation: A} P, = aof; € X*, (fi,¥) =—(P,U; —
ul)g, | = 1,2. Here A3, is an adjoint operator of Ay,. It is defined by (A3 P,®) =
ax (@, P) = (A\®,P) for all P € X, & € X. Since |(¥,U; — ul)g| < [||Ulllx +
max(|[uf|o, |u$lo)]||¥| x then using the properties of adjoint operators and Theorem
1 we derive the estimate

HPl”X < CNVOO‘OJ\487 l=1,2, MIOJ =My + maX(Huil||Q7 HugHQ) (37)
Taking into account (14), (26) and (37) we deduce that
(f, P) < Cullu™||x [P + Pallx < aoalu™||x, a:=2CoMp. (38)

Using estimates (7), (14), (29), (37) and Young’s inequality 2cd < ec? + (1/€)d? for
all¢>0,d>0,e>0at e =1 we have

[k (nU, PL+ P3)a| < CilIn|lr=@)lUllx [P + P2llx <

< 201Gy Coao My Gy In||r,2(Cr My |n]

r2 + CsMulnlls,r,
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Hu™1..) < ab(ACEME 07 o + CIMEIIL r, + [u™ o,). (39)
litnU, P1+ P2)r,| < Cilinllperp Ul x [|1P1 + Pollx <
< aob(C2 Mg |Inll7. o +4C2MEnll2 r, + 10|13 g,), b:= CEMEM;*. (40)
We assume that the following conditions take place:
a1(1 —¢€) > 5aghCP2 M, as(1 —¢) > 5aghC? Mg (41)
where ¢ € (0,1) is an arbitrary constant. Using (41) we derive from (39), (40)
Re|k*(nU, P1 + Py) o + i(nU, Py + Po) | <

< an(1—e)|nlf o + a1 = )lnllZ r, + 200w} g, - (42)
Taking into account (38) and (42) from (36) we obtain

o Haop(lu™e,). (43)

aol|U]|3 < aoRe(U,ut)q — ean[|n|? o — cas|in

Here function ¢(+) is defined by

nc nc mnc 1/2
e(luN10.) = (alu™ 1,0, + 26w ) (44)

where constants a and b are defined in (38) and (39). Omitting nonpositive term
—ean||n|? o —eaz|nll? ;, in the right-hand side of (43) we have U3, < [|U|lq/lu®(lq +
al|u’™|1 o, + QbHui”CHiQe. This is a quadratic inequality for ||U|g. Solving it for
IUllg = |[U1 — Uz||q we obtain the estimate

U1 = Usllg < lluf = usllq +e(llui™ — uy™|,e.)- (45)

If ui"e = ui"e (45) transforms to the estimate ||U; — Us|o < |[uf — udllo.
Using estimate (45) and inequality [|U||qllu?llq < |U||3+(1/4)[|u®||?, which follows
from Young’s inequality we obtain from (43) that

ean|n||? o + eazlnlZ r, < aol(1/2)[u’llq + (™01 (46)

From (46) and (29) we deduce the estimates:

1 —n2llre < Vao/ear A, lm —n2lls,r; < Vao/eazd,

HUI —U2||X S C()(C;MU\/ 040/8041A+CSMU\/CYO/TQ2A+ ||uzinc_uzénc 1’(36) (47)
where
A= (1/2)|uf - ugllo + ¢ (l[ui™ = u5™|1,0.)- (48)

The estimates (47) have the sense of stability estimates of the solution (U,#,7) of
problem (34) at j = 1 with respect to small perturbations of functions u? € L?(Q) and
ui" € H"¢, We formulate the obtained result as
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Theorem 4. Let in addition to conditions (j) K := K; x Ky and K¢ C H™¢ be
bounded sets and let the triple (U, ny,m) € X x K be a solution of problem (34) at
j =1 corresponding to given functions uf € L*(Q) and ui"® € K™, | = 1,2, where
Q C 2. is a nonempty open subset. Suppose that conditions (41) take place. Then the
stability estimates (45) and (47) hold where A is given by (48).

Similar result holds and for problem (34) at j = 2 corresponding to Io(U).

5 Numerical Algorithms

Optimality system (10), (20), (21), (22) derived above can be used to design efficient
numerical algorithms for solving control problem (34). The simplest one (Algorithm
1) for I;(U) can be obtained by applying simple iteration method for solving the
optimality system. The m-th iteration of this algorithm consists of finding unknown
values U™, P™, n™*! and n™*! for given n™ and n™ by sequentially solving following
problems:

ao(U™, ) — E*(n™U™,®) o — i(n™U™,®)r, = (f"°,d) VP € X, (
ao(¥, P™) — K2 (n™W, P™) g — i(n™¥, P™)r, = —ao(&, U™ —ub)o V& € X, (50

a1 (n™ ™ n —n™),. o — k*Re((n — n™ U™, P™) o > 0Vn € K, (

as(n™ = n™)s ry — Reli((n — ™ U™, P™)ry] > 0Vn € Ka. (52

For discretization and solving problems (49), (50) one can use open source software free
FEM++ (www.freefem.org) based on using finite element method. For discretization
of (51), (52) it is convenient to look for solutions n and 7 as

N M
n(@) = njpi(x), v € 2, n@) = mir(z), z € Ih. (53)
j=1 k=1

Here p; € H"({2) and ¢, € H*(Iy) are nonnegative basis functions in HY (£2) and
H3(I'7) and n; > 0 and 7 > 0 are unknown coefficients. Similar algorithm which is
based on the strategy “optimize-then-discretize” can be used and for functional I»(U).

Now we discuss another algorithm (Algorithm 2) which is based on the opposite
strategy: “discretize-then-optimize”. The idea of this algorithm consists of seeking un-
known controls — refraction index n and surface conductivity n in the form (53). Here
n; and 7, are unknown coefficients which one should define from the condition of
minimum of the discrete analogue of functional I; (U) (or Io(U)) in (4) which has the
form

Il(nla"'vannlv“'?nM) :/ |U(n17"'7nN77717~"a77M)_ud‘2dx' (54)
Q

Here U(ny,...,nN,M1,-.., M) is a solution of the direct problem (1)—(3) for the case
when parameters n(x) and n(x) have the form (53). In such a case the discrete analogue
of problem (34) takes the form

N o M
2 2 2 :
C o+ — E — inf 55
= n] + 2 k=1nk mt, ( )

Q «
?Oll(nlw",n]\fanla"wnM)+?1
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where n; > 0,7, >0, j=1,...,N, k=1,..., M.

Problem (55) represents the finite-dimensional problem of conditional minimization
which can be solved numerically using known methods of solution of discrete extremum
problems. The formal comparison of both algorithms shows that Algorithm 1 is more
complicated and more expensive in terms of CPU time and memory space. This is due
to the fact that Algorithm 1 is based on solving the optimality system (10), (20), (21),
(22) which involves a coupled system of state and adjoint equation together with two
variational inequalities for sought for controls.

6 Concluding Remarks

We studied control problems for the 2D electromagnetic field model describing scat-
tering TM-polarized electromagnetic waves by a penetrable inhomogeneous dielectric
obstacle. These problems arise when optimization method is applied for solving cloaking
problems for respective scattering model. The refraction index n(x) of the inhomoge-
neous medium filling the obstacle and the boundary conductivity n(z) of the coated
part of the boundary play the role of controls. We studied some new properties of
solutions of the direct problem, proved the solvability of control problems and de-
rived the optimality systems describing the necessary conditions of extremum. Based
on analysis of the optimality system we established the uniqueness and stability esti-
mates of optimal solutions. Besides, we proposed two numerical algorithms for solving
our cloaking problems. Separate paper by the authors will be devoted to comparative
study of properties of these algorithms and to detailed analysis of results of numerical
experiments.
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