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Abstract. The article deals with optimal stopping problem for arbi-
trary sequence of bounded random values (finite horizon). We obtained
recurrent relations in the form of a Bellman equation and established
a criteria of optimality for a stopping moment. Using this results we
study how computer algebra systems can be applied to solve optimal
stopping problems. We used Maple 14 to solve optimal stopping prob-
lem for geometric random walk and managed to find explicit formulas
for this problem. Also for geometric random walk explicit solution for
any continuous piecewise linear convex downward reward function has
been found.

Keywords: optimal stopping problem, computer algebra systems, ran-
dom walk, explicit solution

1 Introdution

Optimal stopping problem arises in areas of statistics (sequential hypothesis
testing), mathematical finance (American options, the change-point problem)
and others fields (see [1-4,6-13]). In [2,4,6,7,12,13] the main results for problems
with infinite horizon were obtained. In this paper we consider optimal stopping
problem with finite horizon.

In [1] they suppose, that stopping region is separated from continuation re-
gion with one point only. Under the assumption optimal stopping problem is
solved with use of Wiener-Hopf factorization.

In [6] many examples of explicit solution for optimal stopping problems with
finite horizon can be found (see also [3,4,12]).

In [8,9] they suppose, that: i) a Markov process is observed; ii) reward func-
tions are monotonic and convex downward. In this case sufficient conditions,
that stopping region is separated from continuation region with one point only,
are established.

In this work we obtain recurrent relations in the form of a Bellman equa-
tion (Theorem 3) and establish a criteria of optimality for a stopping moment
(Theorems 4 and 5). Note that in literature we found only sufficient conditions,
under which value function satisfies recurrent relations in the form of a Bellman
equation.



It’s well known that optimal stopping problem can be reduced to a free
boundary problem for a Bellman type equation [13]. But to solve a free bound-
ary problem is a challenging task itself. One of our purposes was to study how
computer algebra systems can be applied to solve optimal stopping problems.
We used Maple 14 to solve optimal stopping problem for geometric random walk
and managed to find explicit formulas for this problem. Also for geometric ran-
dom walk explicit solution for any continuous piecewise linear convex downward
reward function has been found.

2 The Optimal Stopping Problem

Suppose we have: 1) (£2, F, (F,)n>0, P) — a stochastic basis [12]; i) N € Nt —
horizon; iii) 7,V — set of stopping moments 7 regarding the filtration (F,)o<n<n
[12], with values in {n,..., N};iv) (fn, Fn)o<n<n —sequence of bounded random
variables (in mathematical finance — utility of an observer); v) £9(£2, Fo) — set
of all P-a.s. bounded Fy-measurable random variables [7, §A.7].

We will study the following problem

E[f-An|Fo] — ess sup, (1)
TeTE

where E[-|Fo] is a conditional expectation taken regarding to o-algebra Fy (see
definition in [7], definition of essential supremum can be found in [5,7]).

The problem (1) is called optimal stopping problem (see [12]) where utility
of an observer is maximized.

We denote v{¥ £ ess sup E[f,n|Fo]-
TE%N

Definition 1. A pair (7*,v{) € (T, £°(£2, Fo)) is said to be a solution of the
problem (1) if v} = E[fran|Fo] P-a.s. Stopping moment 7 € T is called
an optimal stopping moment, Fo-measurable random variable v} is called value
function at moment 0.

3 Recurrent Relations for Value Function. Criteria of
Optimality of a Stopping Moment

We use a stochastic dynamic programming method to obtain a value function.
For any n € {1,..., N} we denote

vl 2 ess sup E[fran | Fol- (2)
TeTN

Definition 2 ([12]). vY is called value function at a moment n.
We study value function properties below.

Theorem 1. Assume that sup,cy || fullco2,7,) < C. Then [v)| < C P-a.s.



Proof. Obviously,
o] < ess sup E(|f-||Fn)  P-a.s. (3)
N

TET,

n

N N
As fr =3 fil{r=;y, we have |f-| < 3 |fill{r=) < C P-a.s.

Using previous preposition and (3) we obtain that [v)| < C P-a.s.

Theorem 2. Under assumptions of Theorem 1 sequence (vY,F,)o<n<n 15 a
supermartingale.

Proof. By definition of vY we observe P-a.s.

v £ ess sup E[f,|Fn] > ess sup E[f;|Fn] = ess sup E(E[fr|Fni1]|Fn).  (4)

n =
TeTN TeT,N TeT N,

Using properties of essentual supremum for any n we obtain P-a.s.

vy = E(ess sup E[fr[Fri1]|Fn) = E(vp1 | Fn). ()

N
7'67-n+1

The proof is complete.

Let us study a recurrent relations describing evolution of value function in
backward time.

Theorem 3. (vY,F,)o<n<n is a sequence of value functions if and only if it
satisfies recurrent relations P-a. s.

vpt = max { fu; Efop 1| Fal} s op lnen = fi. (6)

Proof. Necessity. Let us derive that if (U,JLV ,Fn)o<n<n 1s a sequence of value
functions, then recurrent relations (6) are satisfied.

First we will prove that for any n € {0,..., N} the following inequality is
satisfied P-a.s.

on 2> max { fo; E[o’ 1| Ful } (7)
Note, that:
— random variable 1¢,_,} f, is F,-measurable;
— conditional expectation has a tower property. Due to the definition and prop-

erties of essentual supremum [5] for any n € {0, ..., N} we can conclude that
P-a.s.



TAN
v = ess supE Z Lir=iyfil Fn| 2
TeT,N i=n
TAN )
> ess sup {I{T_n}fn +1omE lE l Z Lr=iy fi| Fnt1 ‘Fn] } =
TeTN i=n+1 J

= Lr=n}fu + 1{z>n) ess supE [E[fran|Fnsa] [Fn] =

T€T

Fnl =

= 1{T:n}fn + ]-{'r>n}E [GSS sSup E [fT/\N|]:n+1]

N
T€7—n+1

= l{r:n}fn + 1{T>n}E [U5+1|fn] : (8)

Left part does not depend on a stopping moment 7 € 7,V. If we apply ess sup
by 7 € T,V to a right part of (8), we will obtain (7).
Let us derive that the following inequality is satisfied P-a.s.
v < max {fn; E[v,jy+1|]:n]} . (9)

Due to the fact that random variable 1¢,_, f, is F,,-measurable, definitions
of ess sup and v} 1, tower property of conditional expectation we can conclude

that P-a.s.

= eSS7S_11p {1{T=n}fn =+ ]‘{T>TL}E [%ﬂ-ﬂfn]} = max {fm E[vrjy+1|~7'—n]} . (10)
TE nN

viv = €es8 Sl}}]p {1{7—=n}fn + ]-{‘r>n}E [E [fﬂ'/\N|~7:n+1] ‘fn}} <

TET,

N N
TE7—n TETnJrl

< ess sup {I{T—n}fn + 1{T>n}E €SS sup E [f‘r/\N|fn+1]

Obviously, vY |,y = E[fN|Fn] = fn P-a.s. Hence with (7) and (9) we
obtain (6).
Sufficiency. Proof of sufficiency is well known and can be found in [2,7,13].

Remark 1. As we stated above, proof of sufficiency in Theorem 3 is well known.
Note, that necessity is new.

Using Theorem 3 we obtain necessary and sufficient conditions, under which
a pair (7%, 0) € (T¢¥, L°(£2, Fy)) is a solution of the problem (1).

Theorem 4. Stopping moment 7 is an optimal stopping moment if and only

if ™ = min{OﬁnﬁN:fn:vflv}.

Proof. Let us define 7% = min {O <n<N:vN= fn} Obliviously, v = f,«
P-a.s. Suppose the stopping moment 7* is not an optimal stopping moment, i. e.
there exists a stopping moment 7 such that 7 > 7*.



Note that sequence {v)} is a supermartingale with respect to the measure

P (Theorem 2). Due to Doob-Meyer decomposition theorem for any n € Ny it
follows that

vl =g+ M, — A,, (11)

n
where M, is a martingale with respect to the probability measure P, A, is an in-
creasing sequence. Obviously, v = SN oM 1.y and o) = 7 0N 1y,
Hence with (11) we can conclude v, = vg + M,+ — A« and vY = vy + M, — A,
P-a.s. From this two formulas we obtain

oV =N 4 (M, — M,-) — (A, — A.-) P-a.s. (12)

T

Due to the fact that A, — A+ > 0 and from (12) we can conclude immediately
that
oY <ol + (M, — M,.) P-a.s. (13)

Let us apply conditional expectation E [ - |F;,] to (13). Thus we have P-a.s.

E [U-]rvu'—n] <E [iv*‘]:n] =E[fr

Fnl. (14)
As E [vM|F,] = E[fN|F,] from (14) for any 7 we obtain
E[£N1F.) <E[fNIF] . (15)

Note, that (15) is a necessary and sufficient condition of optimality for the stop-
ping moment 7*. The proof is complete.

Using theorems 3 and 4 we can derive another criterion of optimality for
stopping moment 7* € T3 .

Theorem 5. A pair (7*,v{') € (T5, £L2(£2, Fo)) is a solution of the problem (1)
if and only if:

1. sequence (vfzv,]:n)ogngT*AN is a martingale in respect to measure P;
N _
2. (2 |n:‘r*/\N = fT*/\N P-a.s.

Proof. Sufficiency. Let (Uflv»}_n)ogngr*AN be a martingale with respect to mea-
sure P and vﬁ’ ln=r*aN = frean P-a.s. Hence with solution definition we can
conclude required equalities

vy = E [N \n|Fo] = E[frean|Fo] - (16)

Necessity. Let (7%, v{’) be a solution of the problem (1). From the proof of
Theorem 3 we conclude that P-a.s.

v = ess sup(lir=n}fn + 1{r>nE [1}7]1\[+1‘f"]) =
TETnN

= 1{7*:n}fn + 1{T*>n}E [Ufrjy—i-l'fn} . (17)



As v = fr., we have 1«30 = 1(;+_p) fu. By (6) and (17) we may find

Urlzv = max {fnv E[U’I’J7Y+1|‘7:n]} > E[”rjy+1|]:n] = E[ess sup E(ff‘fnJrl)l'Fn] >

TETnN+1

> E[E(fT* ]:n-i-l)u:n] = E[fﬂ'*

Fn). (18)

Let us apply conditional expectation E[ - [Fo] to (18). Thus we have

Efvn[Fo] = E[fr+|Fo] = v (19)
Moreover, v}’ = ess sup E(f,|Fy) > ess sup E(f,|F,) = vYY. So, we have
TETHN TETN
vy > E(vy|Fo). (20)

So, from (19) and (20) it follows that (v2, Fp,)o<n<ran is a martingale with
respect to the measure P.

Remark 2. Unlike [7] and others, Theorem 4 is a criterion for optimal stopping
moment.

4 Examples based on using Maple 14

Theorems 1-5 allow us to use computer algebra systems to solve the optimal
stopping problem. In this section we present some new examples of solutions for
optimal stopping problems based on using computer algebra system Maple 14.

Suppose that random sequence (S, Fy, )o<n<n satisfies the recursive relation
Snt1 = Sn(l+ pnt1), Snln=o = So P-a.s., where {p,}o<n<n is a sequence of
jointly independent identically distributed random values taking values in the
compact set of {a,b}, a,b € R}, where —1 < a <0 < b < cc.

Let p* = M‘I%’ ¢* = 1 — p*. This means that random sequence {5y, }o<n<n
is a martingale with respect to the measure P and fintration (F,)o<n<n, where
.Fn = O'{S()7 ey Sn}

We can prove easily that v is a Markov random function. There exists Borel

function vY (z) such as v |,—s, = v and it satisfies the following formula

vy () = max(fo (@), vnpq (2(1+a)p* + vy (@(1+))g"). (21)

Definition 3 ([12]). For anyn € {0,...,N} set D, £ {z € R" : fu(z) = v} (2)}
18 called stopping region at a moment n.

Ezxzample 1. Suppose that:

— for any n € {0,..., N} there is function f,(z) = 8"(z — K)*, where K > 0,
0<p<
- —1l<a<0<b<oo;
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Fig. 1. Functions fo(x), v3°(x) and stopping region Dy

— for any n € {0,..., N} probabilities p* and ¢* are known (i.e. {Sy,}o<n<n
is a martingale with respect to P and filtration (F},)o<n<n)-

This problem arises in trading of American options (see [1,10,13]).

Let K =5, —a=b=0.5, 8 =0.9, N = 10. At Fig. 1 see plots of functions
fo(x), v{°(z) and stopping region Dy.

We can conclude that in this example for any n € {0, ..., N} stopping region
has the following form: D, = (0,7 ,] U [z3,,00), where 27 ,, x5, € RY are
stopping region’s boundaries (see Fig. 2).

Ezample 2. Suppose for any n € {0,...,N}:

0, <1,

1, 1<z<2,
fnl) = 2, 2< <3,

3, *>3.

Let a = —0.05, b = 0.05, p = ¢ = 0.5, N = 10. At Fig. 3 there are plots of

functions fo(z), v{°(z) and of stopping region Dy.

5 Optimal Stopping Problem Solution for Any Piecewise
Linear Continues Convex Downward Reward Function

In this section we solve optimal stopping problem with geometric random walk
in a case of piecewise linear continues convex downward reward functions.

Assumption 1. Let function f(z) = AYz+BY be continues, where z € (¥, c?, 4],

i=0,...,Tp and for every i: A? < AV, ;. Let ¢ = 0 and ¢q, = 0.
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Fig. 2. Stopping regions in dependence of n
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Fig. 3. Functions fo(z), v3°(x) and stopping region Dy

Theorem 6. Under Assumption 1 the following is true.

1. For any k €{0,...,N}:

(a) functions v (z) are piecewise linear, continues, conver downward and
satisfy

U]ICV+1(I) = A?"‘l:r + B]’-“‘H, T € (c;”'l, cfj_'ll]



where

ATt =p* (L + ) Al + " (L + D) A, Bj™ =p*Bf, +q" B}

7 +m>

ek, ck ek ok L
Clﬁ_l — max T— : i+m 7 ckjr-ll = min i—t+ : i+m+ )
J 1+a 140 J 14a’ 140

okl okl
if ¢ <.

(b) Stopping region DF contains not more then Ty intervals such that

(vt [te)

oy g
(1+a)*’ (1+b)*

and there ezists a number k* such that for any k > k* stopping region

D" = (0 i U %

=(0; ;00 | .
T(14b)* (14 a)*’

2. (a) v (x) = A®x + B>, where

and

], i=2,....Tp

min A? < A < max A?, min B? < B*® < max B?;
i=0,To i=0,To i=0,To i=0,To

(b) D>® =g2.

The proof of the theorem is almost obvious, but large. That is why the paper
does not contain it.
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