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Abstract: Inverse dynamic models approach for chaotic
system synchronization in the presence of uncertain
parameters is considered. The problem is identifying and
compensating unknown state-dependent parametric
disturbance describing an unmodelled dynamics that
generates chaotic motion. Based on the method of inverse
model control, disturbance observers and compensators
are synthesized. A control law is proposed that ensures the
stabilization of chaotic system movement along master
reference trajectory. The results of computational
simulation of controlled Rosller attractor synchronization
are also presented.
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I. INTRODUCTION

Controlled systems and processes with chaotic dynamics
are a matter of unflagging interest in modern control theory
and practice [1, 2]. The problem of synchronization of
chaotic systems is intensively studied; in this case, control
law is designed in such a way that the controlled variables of
the slave system follow the reference output of the master
system or nonlinear oscillating system stabilized along given
reference trajectory in the presence of uncertainties and
external disturbances [3, 4].

A typical model of a chaotic system is a linear system
with additional nonlinear components dependent on the state,
the presence of which determines the appearance of chaotic
regimes [5]. Because the system nonlinearity may be treated
as a parametric disturbance of nominal model, chaos
synchronization problem may be reduced to the disturbance
rejection problem, namely, unknown and unmeasurable
disturbances eliminating from the systems output along with
reference signal tracking.

Recently a number of model-based control methods have
been developed for disturbance rejection taking into account
the requirements of accuracy, dynamic performance, stability
and robustness [6, 7]. In this paper the inverse model control
approach [8] is applied for chaotic systems synchronization.
Inverse models are used for both parametric disturbance
identification and compensation, which made it possible to

synthesize disturbance decoupling controller, ensure
reference signal tracking.
The proposed approach was studied through

computational modeling using the example of a controlled

Rasller attractor with signal and parametric disturbances.
Il. PROBLEM STATEMENT

Consider a state-space model of controlled chaotic system
with a distinguished nonlinear component, which causes the
emergence of chaotic dynamics and interpreted as an
uncertain parametric disturbance

%(t) = Ax(t) + Bu(t) + Nf (x(t),5),
Y, ()= Cx(t), y,, (t) = Mx(t)

where X(t) € R" - chaotic system state vector, U(t) e R™ -

@

control variables vector, f (X(t),5) € R - state-dependent
parametric disturbance with uncertain parameters 9J,
yc(t) € Rr ' ym(t) € Rp -
measured variables respectively.
Disturbance f (X(t),8) € R%may be treated as unknown
input signal for system (1).
Matrices Scg (o) = CA"'B, Sy (01,) = MA“'N

are known as Markov parameters of system (1).
Without loss of generality, for simplicity reason, we will

assume that rankS.g = m, rankS,,, =m, where

S(:B = SCB (1)’ SMN = SMN (1)

Consider two main inverse model problems:
e Chaotic system identification, namely, obtaining

output controlled and

unknown parametric disturbance estimate f (t) using
available measurements ym (t) and known control
signal u(t) ;

e Chaotic system control, namely,

uy(t),y (t),?(t)) design, which ensure control
goal achieving

lim|le,(t)]°<e", t—oo.

control law

)
where e (t) = y (t) - Y, (t) - control error, y"(t) — set-
point signal given by the reference model

y* (t) =A" y*(t) T Yret (t) ) 3)
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€ —some sufficiently small constant.
In the chaos synchronization problem, reference model
(3) can be considered as a master system [3].

Dynamic system with state vector X (t) € R"™

x(t)= A'x(t)+ B'u(t) + B} y(t) + B3 y(t),
. @)
ft)=C'x, +D'u)+ D/ y(t)+ D y(),

will be referred to as inverse dynamic model of system (1), if

the following conditions take place: ||Y(t) - Rx(t)”2 —0,

n-gqxn — SOMe

~ 2
Hf(t)— f(t)H — 0, if t—> o0, where R
aggregate matrix.

Then f (t) may be treated as unknown input signal f (t)
dynamic estimate, obtained by inverse model (2).

111, INVERSE DYNAMIC MODEL DESIGN

Let z(t)=Rx(t)eR""

variables, where R is some aggregate matrix,
thatrank(I\/IT RT):n.

Take state vector estimate in the form

where matrices P € R™P ,Q € R™" P are such that

be aggregated auxiliary
S0

®)

MP=1,, RQ=1,_,, PM+QR=1,

MO =0 (6)

p.n-p?

We obtain the aggregated vector z(t) estimate X(t) by

minimal-order unknown-input observer (UIO) [9]:
X(t) = FR() + Gy () + HYn () +Gou(t).

The UIO (7) parameters are determined from disturbance
estimate invariance conditions [9, 10]

(R-HM)A-F(R-HM)=GM,
RN — HMN =0, GO—RB=0, Gl=é—|fH_.

A solution of linear matrix equations (8) are obtained as

(8)

F= RHN AQ, GO = RB,
~ _ T +
Gl = RHN AP, H = RNSMN , 9)
_ 7 _npot
HN —In BSMNM,
Taking the unknown disturbance estimate as
f(t)y=N* (sk(t) — AX(t) - Bu(t)), (10)
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we can obtained the minimal-order state and disturbance
observer in the form of system (1) inverse model [10]:

X(t) = RITyAQ - X(f) + RIT AP y,, (¢) +
+RNSyy - Vi () + RIT B u(z),
X(t)=P-y, (1) +Q-X(t),

£(t) =y (® - MAQ-X (1) -
—MAP -y, (t) - Sygu(t)],

(11)

where ITy =1, = NSy M, Qy =1, -SyySun
Cy = S,\J}N + N+PQN.

From (1), (11) it follows, that estimate errors vectors
e (t) = X(t) = X(t), e (t)=f(x(t),t)— f(t)are given
by the equations:

g (1) =F(R)-& (1),
€y (t) =Q '€x (t)
e (1) = —CyMAQ -5, (1).

(12)

I11. INVERSE MODEL-BASED CONTROLLER DESIGN

The disturbance rejection control law will be constructed
as a function of reference signal and disturbance estimate:

U (1) = Scs - [Vret (1) + CaX(8) = Sey F ()],
C,=A"C-CA.

(13)

If system structure non-singularity condition takes place

] (14)

det ® =0, ®=1,—-CySysScsScy . (15)

_ _ | ScsS
rankS=m+q, S=| " CBTCN
CNSMB I

q

or equivalently

disturbance estimate may be eliminated from the controller
equations, which is therefore be regarded as disturbance
decoupling controller.

In reality, situations often arise when conditions (14), (15)
are not met. In such a case the realizable control law may be
obtained using the disturbance estimates, dynamically
transformed by the internal auxiliary "fast" filter with small
parameters.

As a result, realizable controller are designed by including
in its structure an additional internal low-pass filter with
small time constant [11]:

U” (t) = Scg -[y" (1) + CX(t) — Sey T ()],

3 - - (16
ef () =—f)+A-w- f ),

)
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where 0 <eg<<1, 0<p<<l1-smallfilter parameters.

From (13), (16) follows, that disturbance compensator
equation with internal additional filter take the form:

eli(t) = —puid(t) + (1— ) [y (1) +
+ SEéSCN 9, (D],
U™ (t) = () + ¢y (t),
01(t) = Scg “[Yrer (1) +CaX(V)],
92 (t) = Cy [V ()~ MAQ-X(t) —MAP -y, (1)].

A7)

I1l. CHAOTIC SYSTEM INVERSE MODEL CONTROL

As an example of proposed approach consider inverse
model control of the Rosller attractor under uncertainties:

(0 =X () - X, (D),
X, (1) = X, (t) +ax, () + uy (t) + f, (1),
Xg(t) = —Cx (1) +u, (1) + 1 (1) + F, (% (1), %5()),

where

(18)
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(1) =0¢, F0(6 (1), X3(1)) =8 Xg (1) + (1+ 8, )%, (X3 (1),

are input and parametric disturbances
with & ¢ ,0,,0, uncertain parameters.

respectively

Using the measurements Y, (t) =X, (t), Y, (t) = X5(t)
find the control so the controlled output Y, (t) = X, (t) will

track set-point signal y* (t), generated by reference model

J () + oy () + oY (1) = Yper (1)

The control law, which ensures attractor synchronization
with reference model, is the following:

Uy () = (g —1)- Ky (1) + (kK —a—a,)- X, (t) +
+(eo)-5() -2 f(0) = B0 = Vs (D), o0

Uy (1) = —Kx, (1),

f()=—FO)+1-p)- ),

The state estimates for system (18), obtained by reduced-
order UIO, are:

% (t) = pyX (1) + Ry (1) +

+ [+ mp, 1y ) - Yy (B + 7Y, (1),
X, (1) = 7, % (1) + 1,7, Yy (1) + 7, Y, (1),
% (1) =y (1),
X (1) =% (1) + 1 Yy (1), X3() =y, (D),

where p; = (m; +a—K), m, m, are tuning parameters.
Corresponding disturbance estimates are

(19)

(21)

f1(t) =%, (t) + 7, Y3 (),
f,(t) = Y, (t) +cy, (1) — X, (1) — 7y Yy (1) — U, (D).

As a result disturbance decoupling controller with internal
filter equation is obtained in the form:

el (t) = v X (1) = X, (1) + (G — o)y, (1) — oy Y, (1),
Uy (1) =T (t) + v, X (1) - 2%, (D) + 23)

+ (6 —2my) - Yy (D) +(C—oy —&7H)- Y, (D),
G=otvimy -1, vy=k-o,—a

(22)

Proposed disturbance observer and decoupling controller
are investigated by computational simulation.
Simulation results for Résller  attractor

parametersa =0.2,c=-5.7, observer and

model
controller
parametersm; =—1,m, =-2,6=0.01,p =0,k =2.2,
and reference model
presented below.

Disturbance f;(t) was modeled input signal disturbance

parameters oy =5,y =6 are

as a step wave function, reference model input signal Y, (t)

adopted in the form of harmonic function.
At Fig.1, 2 the state variables and phase plane of controlled
Rasller disturbed attractor are presented.

Fig.1. Dynamics of the disturbed attractor.
State variable y;(t)

S0

-15
-15

-10 -5 0 5 10
Fig.2. Dynamics of the disturbed attractor.
Phase plane (y; (1), (1))
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Disturbances estimations obtained by (21), (22) are
depicted in Fig. 3, 4 and control and output variables
obtained in accordance the control law (20), (23) are
presented at Fig. 5, 6.

Fig.4. Disturbances estimation f,(t), ?2 (t) in open-loop system

Fig.5. Control variables uq(t),u,(t)

Fig.6. Set-point signal y" (t) and output variables ye ()
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Simulation results for chaotic system synchronization
problem demonstrated high accuracy of disturbances
decoupling for broad range of parameters deviation.

IV. CONCLUSION

In this paper we presented inverse model-based approach
to chaotic systems synchronization problem. The proposed
method allows us to decompose the problem into the stage of
structural synthesis of inverse models and their parametric
synthesis or optimization. This significant advantage of the
method of inverse dynamic models is the possibility of real-
time reconstruction of signals of complex shape in the
absence of information on their structure. This, in turn, makes
it possible to efficiently solve problems of compensation of
nonlinear state-dependent, which makes it possible to
suppress sources of chaotic dynamics and simplifies the
solution of synchronization problems. Thus proposed
approach seems to be quite universal and can be used to solve
various problems of controlling chaotic systems.

The implementation of the proposed control requires
differentiating the measured output signals in real time, for
which differentiators based on sliding modes can be used.
Further development of the proposed approach is associated
with the development of robust methods for inverse models
design under conditions of uncertain deviations of the
parameters of the chaotic object model.
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