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Abstract. Algebras of finitary relations naturally generalize the algebra of binary relations with
the left composition. In this paper, we consider some properties of such algebras. It is well
known that we can study the hypergraphs as finitary relations. In this way the results can be
applied to graph and hypergraph theory, automatons and artificial intelligence.

1. Introduction

It is obvious that graphs and binary relations are closely related. We often use the facts of the binary
relations theory in graph theory to solve some algorithmic problems. In the same way, we can consider
hypergraphs as finitary relations. This could be a good idea for IT and Al, especially for pattern
recognition and machine learning [1-13].

By now it has become common to use universal algebras [14] in various applications [15].
Algebraic methods can also be efficiently applied in graph theory. For example, the shortest path
problem can be solved by transitive closure algorithm for binary relation [16].

In this way, and following by [17], we are going to study hypergraphs as elements of algebraic
structures.

At first, we define a (n-uniform) hypergraph as a finitary relation on finite set U , in other words, as

a subset of U". In case of n=2 this leads to graph as a binary relation. Boolean algebras
<2UXU ,(u,m,_,Q,U xU)> and <2U",(u,m,_,@,U”)> are well known to us.

It is less trivial to define the inverse operation and the left composition for finitary relations. We
have to start from inverse operation, left and right compositions for binary relations:

R ={(u,,u,)[(u,u,) eR}, (1)
R o R, ={(uy,U,) |3, (Uy,Uy) € R, A (U, U, ) €R, | (2)
R1°R2 = Ry°Ry = {(U1,Uz) [A Uo(Uo,U2)ER1M(U1,Up) € Ro} ®)

Note that (277 ( ,;;])H (p”7.(~.1)) are isomorphic monoids, where | is identity relation on U . By
the way, we can define operations

R1°1R2:R{1°sz (4)
ReR, =R R, (5)
R, o, RzleoRglv (6)
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Re<,R, =R, ORfl ) (7
R, o4 Rzle_loRz_li (8)
Re.R = R._,_l o Rl_' . %)

This makes it possible to set the following pairs of isomorphic magmas.
<2“XU,(ol,|)>D<2U*U,( |)> are  isomorphic magmas with left identity elements.

(29 (o, 1)) (229 (13, 1)) are  isomorphic magmas with right identity elements.

<2U*U ,(03)> 0 <2“ (0 )> are isomorphic magmas without identity elements.

It is easy to see that in the symmetric case R=R™ all of monogenic monoids <{R“}°°_O (o1 )>

<{Rn};’(m)>' <{R"}::O,(°i,|)>, <{R”}::O,(EL,I)> (i €1..3) are equal.

The monogenic monoid <{R”}io ,(o, | )> and distributive algebraic structure <{R”}w_0 ,(o,u, I ®)>

are useful to treat all-pairs shortest path problem [16]. We are going to define and study hypergraph
operations similar to (1)-(9).

2. Algebras of finitary relations

Let us consider the underlying set of finitary relations 2°" , and define the following unary and binary
operations for i # |

RM — R = {( " .,uj,..,ui,..,un)|(u1, TRRTR n)eR} (10)

R, o R, {( " .,ui,..,uj,..,un) | 3u, (ul,..,uo,..,uj,..,un)e Ry A(Uy,y Uy U, Uy ) € Rz}. (11)
Obviously, the operation (10) is an involution.
(R®)” =R. (12)
Moreover,
Rioj R, =R,o; R;. (13)
It is easy to prove that operation (11) is associative. Actually,

(Uprors Uy U Uy ) € R0 (Ry 0 Ry ) <2 3y (U Ugyens U Uy ) € Ry A (U Uy U Uy ) € Ry 0 Ry <5

© Ty (Upsens Uy Ujons Uy ) € Ry A (UG (Upyo U ees Uy Uy ) € Ry AUy Uy U Uy ) € Ry )

jrem

< 3u (Hu0 (ul,..,uo,..,uj,..,

un)e Ry A (U, Ugyen Ugy ey Uy ) € RZ)A(ul,..,ui,..,ug,..,un)e R, &

© U (Upyons U Uj Uy ) € Ry 0y Ry A (U Uy, Uy Uy ) € Ry
& (Uproo Uyl Uy ) € (Ry oy Ry ) oy Ry
Then we set
Iij={(u1,..,ui,..,uj,..,un)|kel..nAukeU /\ujzui}ezun. (14)

It is easy to see

(ul,..,ui,..,uj,..,un)eI.. oy R 3y, (ul,..,uo,..,uj,..,un)eI../\(ul,..,ui,..,uo,..,un)eR<:>
< 3y (Upreey Uy g, Uy ) R AL = U <:>(u1, AU U n)ER

and similarly
(ul, AU U n)eRoIJ ;< Ju, ( e Ugrees U n)G RA(Upyees Uy Uy, Uy ) € 1

© Ty (UyensUgsUjons Uy ) € RAU = Uy & (U0,
Thus,

un)eR.

jrem
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l0y R=Ro I, =R. (15)
Hence we have just proved the
Lemma 1. <2U",(oij, I )> is a monoid.
Note that
(Upsr Uy Uty ) € (R o R, )(”)<:>(u1,..,uj, AU, )€R oy Ry <
< Uy (Uy,e Ugyer Uy Uy ) €Ry /\( e Uy Uy n)eR IEN
& Ty (UrensUyyees U Uy ) € R A (U, Uyl ) € R &
<:>(u1,..,ui,..,uj, . n) RM o Réij)@(ul,..,ui,..,uj, Y n)eR” i R
In that way
(Roey Re)" =R o, R <RI o, RY a9

Hence the bijective function f(R):=R® is an isomorphism of monoids <2“ ( i U)> and

<2UH'(°ji’|ji)>'
Moreover,
(ul,..,ui,..,uk,..,uj,..,un)e(Rloik R,)"” c>(ul,..,uj,..,uk,..,ui,..,un)e R o, R, &
€ Uy (Upyeo Uy Uy poos Uy Uy ) € Ry A (U Uy Uy Uy Uy ) € R, 0
< 3u, (ul,..,ui,..,uk,..,uo,..,un)eRl(”)/\(ul,..,ui,..,uo,..,uj, . n)eR(”)
& (Uppons Uy Uty ) € RP 0 R 5 (U0 Up, U1 ) € R 0 R,
From which we obtain
(Rl ° R, )(ij) = Rl(ij) ° jk RSD = Rz(ij) °kj Rl(ij) ' (17)
Hence we have proved the
Lemma 2. Monoids <2U",(oik,|ik)> and <2U ( ik Jk)> are isomorphic, as well as monoids

<2“",(oij, I )> and <2U",(oji, |ji)>_
Let us set an algebraic structure <2U" ( i %o Ly i > and then we can write the following logical

consequences:
(Ups e Uy Uy Uy Uy ) € Ry 0 (Ry 0 Ry) 2 Ty (U Ug s U Uy iUy ) € Ry A
AUy ey Uiy ooy Ug, ooy Uy ooy Uy ) € R, 04 R3<:>3u03u0( e Ugyens Uy U n)eR A
A(Ups ey Ugyey Ugyoy Uy Uy ) € Ry A (Upy e Uy Uy U Uy ) € Ry
U Iy (UyyeesUgoos U ees U Uy ) € Ry A (Ugees Uy Ugyees Uy Uy ) € Ry A
A(UpyoesUgy ey Ugy o U, s Uy ) € Ry =
HUO(HUO (UpreesUgoos U Uy e Uy ) € Ry A (Ugeey Uy U oy Uy, U )ERZ)/\
A3y (Upys Uy gy Uy Uy ) € Ry ) <2 3UG (U U Uy Uy Uy ) € Ry 0 Ry A
(Huo(ul, AUy Ugyens U, Uy ) € R /\(ul, T ,uj,..,u(’),..,un)elR)@
© U (Ugreos U Uy Uy e Uy ) € Ry 0 Ry A (U Uy U U Uy ) € Ry 0 1 5
& (Uproo Uy U Uy Uy ) € (Ry 05 Ry ) oy (Ry 1 ).
This means that the following Lemma is true.
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Lemma 3. In an ordered algebra <2“” ,(oij,o.k,c, i Do Oro 1g )> the pseudo distributive law holds
Rl OIJ (RZ oik R ) (Rl olj R ) (R3 OIJ 1 ) (18)
According to [17], we use the notation 1, :=U" and 0, :=J.

Then look at composition

(ul,..,ui,..,uj,..,un)e R o, R? & 3y, (ul,..,uo,..,uj,..,un)e R A(Uy,.U;,eUg, U, ) € RY &

(19)
< 3y (UyyeyUgyoo Ujs Uy ) € RA (U Ugyen Uy Uy ) €R
Definition 1. The finitary relation R is called a function from i-th to j-th argument if

U,)€R AUy Uyl ) €R > Uy =uf. (20)

VU, Uy U, U Do

TR (THRNTHRRTI
We can obtain from (19) - (20) the following set inclusion
(Uproor Uyl ) € R 0y RY = Uy =) < (U, Uy Ul ) € 1y < R o RY < 1L (21)

Definition 2. The finitary relation R is called a surjection from i-th argument if

WUy ooy Up_g Uiy U, Uy U ( e Uy Uy n)e R . (22)
From (21) - (22) we can get the reverse set inclusion
0)

l; <R o, RY. (23)

Thus, in the case of R is a surjective function from i-th to j-th argument we have the equality
i) _

R oy RV =1;. (24)
Similarly, in the case of R is a surjective function from j-th to i-th argument we have the equality

R® o R =1j. (25)

Let us denote the set of surjective functions from both (i-th to j-th and j-th to i-th) arguments as F;.
It is easy that F; is closed by o, , and hence we have proved the

Lemma 4. < 5 (o0 1y )> is a subgroup of the monoid <2“",(o.. I )>

ijrij (/]
As well as binary relations, finitary relations have the following properties [17]

R, o (R UR ) (Rlo” R ) (Rlo” R ) (26)
(RyUR;) ey Ry =(Ry oy RJU(Ryoy Ry), (27)
R o (R,"R;) = (R o R, ) (R0 Ry), (28)
(R,ARy) ey R (Ryoy R )N (Ryoy Ry), (29)
and so we can set an algebraic structures <Fij,( il )> <2U ( Avoyoi ™0 1g, 1 1, )> that

have properties (12)-(18), (24)-(29).

3. Conclusion and examples

We have defined algebraic structures of finitary relations as a common case of well-known algebraic
structures of binary relations. We have considered the algebraic structures on an underlying set 2%
and sometimes called a finitary relation R <2 by a (n-uniform) hypergraph. The operation o; can
be called the “straightening the edges” or “deleting shared intermediate vertices”. Let us take an
example.

Example 1 (algebraic). ~ Let ~us  set U ={uy,u,u,,u,}, <2“3 (o, 23)>, and

R ={(uy, U,y ), (Uy, Uy, Uy )} . Now we can get
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o0 R= {(ul,uz,us)} )
Ro, Ro,, R=0.

Despite its simplicity, operation o,, has some interesting applications. In examples 2, 3 we are
going to denote 3-tuple (u, ,u; ,u, ) asaword u,u, u, .

Example 2 (feature selection). Let R ={u,u,u,,U,u,Uy,U,U,Uy, U,U,U, , U,u,U;, U usu, b be a set of
words, and R, ={uu,u,}, R ={uu,u,} are filters. First, apply the filter R,

RioxR= {ulu0u3’ ulu1u3’u1u2u3’u1u3u3}'
Then apply the filter R
REZS) o3 Ry oy R= {u1u0u0’ U, U, Uy, u1u2u01U1u3uo} .

Example 3 (crossover). Let R = {u,u,u,,u,u,uy,u,u,u;,uu,u,} be a population. Let us define the

evolution operator E(R)=RURo,, R and start a first step of evolution
E(R) = {u,UyUg, U;U, Uy, UyU,Ug, UyU, U, Uy UsUy , UyUgU, §
In example 4 we are going to denote 3-tuple (u; ,u, ,u; ) as an implies u, — (u, > ).

Example 4 (Al). Let R={u, > (u, —>u,),u, > (u, —>u,)} be a base set of Al premises. Let us

©

define the semantic closure of R as [R] :U(RuR(Zs) where R**=R*o, R and R'=R. By
k=1
definition we have

[R]={u, = (u, = u),uy = (U > U, ), U, = (U, > Uy ), 4y > (U, > Uy}
Note that ((u, — (U, = Us)) A (U, = (U, > Uy ))) = (4, = (u, > uy)) is tautology, so the inference
rule u, — (U, —> Uy ),u, —> (u, > uy)fu, - (u, > u,) preserves truth.

We also note that (((u, — Uy ) = ;) A((4; > u,) = Uy )) > ((u, > u,) > u, ) s tautology, too.

It makes perfect sense to use an indicator function y,:U" - {0,1} for Re2"", that is defined as

(
(v n)—{ (torth) <R

0, (U, u, ) &R

In the case of finite set U ={u1,..,um}, we can use this function to define a join-vertices logical
array y":(1.m)" > { false,true} for (n-uniform) hypergraph. Let f:1.m—U be a total bijection
and Re2"" . We define
true, g (f7(k)om FH(K,))=1
false, 7, (7 (k). f2(k,))=0

Let us denote { false,true} as D and a set of logical array defined above as pt-m’

WI:,..,kn = l//R (kl"'ikn):
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We also can set a logical algebra that generalized adjacency matrices algebra. In this way we define

. . (t.m)"
a blnary operation *ij onD

m

1 2 _ 1 2
Vieok, i Yigok, = \/l Wigkigsikion kb "Nk sk ek, *
S=:

n

By our construction semigroups <2U",(oij )> and <D(1"m)”,(>x<ij )> are isomorphic.

More interesting is the case of algebraic structures on an underlying set ULZUn and operations

from 2V to 2" . For example, let us define the operations “gluing edges” o, and “replacing chains”

o .
r

Ry og Ry ={(Uyens Uy g U ,onsUr ) | 30y (U Uy 5, Up ) € Ry A (Up U, Up ) € R,

!

R R, = {(ul,..,ui_l,u}ﬂ,..,u;)|3uoEIi3j (Uy, s Ui_y, Ugro Uy ) € Ry /\(ul’,..,uo,ujﬂ,..,u,']) € RZ}.

For the finitary relation R = {(u,,U,,u,),(uy,U,,U,)} from Example 1 we can get

R(2) :{(u3,u0,ul),(uo,u2,u1)}.

Rog R(lg) = {(ulyuOSUOiul)l(u]_IUZIUZYU]_)}l

Ro, R={(uy),(Ug,Us), (U, Uy ), (Uy, U, ), (Uy, Uy ), (U, Ug ), (U, Uy, U )

It is clear that even in the case of finite set U we would never make a finite representation for such
algebraic structures. But in particular cases, maybe we can. This case is of interest.
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