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Abstract. The pricing of options generated by diffusion processes, where diffusion
depends on two groups of variables, was carried out. An algorithm for calculating
the approximate price of derivatives and the accuracy of valuations has been
developed, which allows to perform the analysis and to make precautionary to
minimize the risk of derivatives pricing arising on the stock market. The method of
finding the indicative price for a wide class of derivatives has been expanded. Using
the spectral theory of self-adjoint operators in Hilbert space and the wave theory of
singular and regular perturbations, an analytical formula of the approximate asset
price was set, which was described by models with stochastic volatility dependent
on I-fast variable and n-slow variable factors, [>1,n>1, [ € N,n€ N and on
local variable.
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| Introduction

At the moment, financiers have been drawn to the problem of the relationship between
the price of an asset and its volatility. The asset price was found to be volatile. This has
led to a number of works to refine this model. Empirical studies have shown that volatility
is a time-dependent random variable [5]. Analytical models having stochastic volatility
are proposed in [6]. In particular, they provide an opportunity to examine the price of
assets that change continuously over time [7-10].

A spectral image of the density of one-dimensional diffusion was obtained in [12].
Spectral theory is an important tool for the analysis of financial models of diffusion in the
study of the decomposition of the eigenfunctions of linear operators. Spectral theory has
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been used by many scientists, namely to forecast options prices [9], to find interest rate on
securities [14], to simulate volatility of financial assets [13]. Both spectral theory and
stochastic volatility models have become an indispensable tool in financial mathematics,
due to the fact that derivative prices are subject to Brownian motion and correlate with
volatility [1]. Study of stochastic volatility, in particular the volatility of an asset
controlled by non-local diffusion [2].

Short-term interest rate dynamics models were considered in Vasicek's work [11] for
derivatives pricing. Significant contribution to the theory of interest rates was made in [8-
10], namely: finding the credit spread of credit market instruments, determining the price
of interest rate options, determining the risk and return on derivatives of the stock market.
The models developed by these scientists have their advantages and disadvantages, but
each is used to increase the liquidity of the financial markets. The use of more complex
models, despite their theoretical validity, causes complex multi-parameter functions of the
profitability curve to be obtained, and this causes significant errors in the calculations.

Using spectral analysis, Linetsky [5] applied the spectral theory of self-adjoint
operators to different models, and in particular to the Vasicek model. Lorig [11]
considered short-term interest rates described by Vasicek's model with stochastic
volatility dependent on two factors, one of which is fast and the other is slowly changing.
The spectral theory and the theory of singular and regular perturbations is applied to self-
adjoint operators in Hilbert spaces, which describe processes with multidimensional
stochastic volatility having I-fast variable, n-slow variable factors, [>1,n>1, leN,n€
N. In particular, this theory applies to the short-term interest rates described by Vasicek's
model. The approximate price of the bonds and their profitabilty are calculated. Applying
the Sturm-Liouville theory, Fredholm alternatives, and analyzing singular and regular
perturbations at different time scales, we obtained explicit formulas for the approximation
of bond prices and profitability.

The goal of the article is to develop an algorithm for finding the approximate price of
derivatives and to find explicit formulas for finding their value based on the development
of eigen functions and eigenvalues of self-adjoint operators using boundary tasks for
singular and regular perturbations. To set the theorem of estimating the accuracy of option
prices approximation.

The main advantage over other developed methods is that finding the price of
derivatives is reduced to solving the problem of finding the eigenvalues and
eigenfunctions of a particular equation that fits this model.

I Methodology and Data

Let X represent short interest rates. One of the most widely known models of short
interest rates is the Vasicek model, in which X is modeled as an Ornstein-Uhlenbeck
process with multidimensional stochastic volatility.
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The Ornstein — Uhlenbeck process is described by a second-order differential equation

mra parabolic type
2

o,w(t,x) = %6§W(t, x) + k(6 — x)a,w(t, x) )

Let’s calculate the density of distribution of this process. To do this, consider the
Cauchy problem for (1). With the initial condition
w(0,x) =wy(x) — &8 2

where w, (x) — smooth finite function.
Let’s apply the Fourier transform. In particular,

w(t, x) = ~ (¢, §)dé,

+ 00
=
—_— e

21 )

b8 = [ e wit,vdx.
van )

Then equation (1) reduces to equation
2

8,0 = %(—if)zv + kE0gv + k(1 — i08)p = 0 3)
We will take into account+that
1 J e wl(t,x)dx = L[ei"fxwliroo
ver J. = V2m °
oo +o0
- f ife™x w(t, x)dx + J e™ u(t,x)dx || = —§0;v — v.

The initial condition has the form

v(0,§) = 1,() (4
The Cauchy problem (3), (4) for a linear non-uniform differential equation in partial
first-order derivatives is solved by the method of characteristics

ov kav_ c2¢? -
Frie Ea_g_ -t (@88 v,

de=1z 5)
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dv

<—$+ 1- iO{))v

(5) and (6) are equations of characteristics.
From (5) we have the equation
In|é| = —kt+InC, C >0, E=Ce™*

Substitute in (6)

dv
dt = ;

22,2kt
<— % +(1- i@Ce—kf)) v

QU

2

t
g2Ce P
v = C, exp {f <_T +k(1- i9Ce‘k3)> dﬁ}_
0

Witht =0, v,(C)=¢, C=¢
Then v on the characteristics has the form

t
v c2Ce B , X
f7=j ————+k(1-i6Ce ) |dB +InC,, C, > 0.
0

2 (,—2kt _ 2,2kt —kt _ Kt
v = vy (€ exp{kt}) exp {_%(6 _zlk)f e Tk <t i %)}
2 (,—2kt _ 2,2kt —kt _ Kt
v(e.) = n§ e exp (- 5 (-0 )

1 1
w(e,) = = f (expl—iEx) (e, ) = f (exp{—i£x})

0.2 (e—2kt _ 1)€Zezkt ' (e—kt _ 1)fekt
- D (DN
400
1 ' " O.2 (e—Zkt _ 1)]/2 .
E expq—iyxexpy— t—7_—2k+

(7 = Dy\ | ()
(t—19 — )}} Z’“ dy =
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+00 +00
1 f f ) ( Kt ) 0.2 (e—zkt _ 1))/2
Nz (¥) | expy—iyxexp - ok

[oe]

+
—kt _
+k (t —i0 G 1)]/)}] dray __1 f eiv(xe™*-y)

—k ekt - /_Znekt
0.2 (e—Zkt _ 1)y282kt ] (e—kt _ l)yekt
exp{—7 ok +k(t—19—_k )}dy.

Let’s distinguish the complete square by y
0'2 (1 _ e—zkt)yz ) xekt -y g(e—kt _ 1) 0(1 _ e—2kt)1/2
——+2iy -

2 2k 2 2 Wk
2vk \ 2 xekt —y  ge* — 1)\’ 4k _
0.(1 _ e—Zkt)l/Z Tl 2 2 0.2(1 _ e—2kt) -

2

0.(1 _ e—zkt)l/z o xekt — y N 9(€_kt _ 1) 2\/E
e LU 2 2 o(1 — e-2K0)1/2

N xe’“—y+9(e"‘t—1) 2 4k .
2 2 o2(1 = e-2k)’

Having replaced
0.(1 _ e—2kt)1/2 ' (xekt -y e(e—kt _ 1)) 2@ a
y+i +

2k 2 2 o(1— e 2k)i/2 — 7
using the Cauchy integral theorem
o - vk
- +oo+l(xe ktio(e kt—l))m
1 _a? 1 a?
\/T_T[ f e 2 da= E f e 2 da. (7)
- —00+i(xe‘kt+9(e_kt—1)) Vk

U(l—e‘Zkt)l/z

2

a? a
Indeed ™) e 2z da = 0 — closed contour, e” 2z — analytical function, so, by Cauchy's

integral theorem, the integral is zero.
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Fig. 1. Contour of integration

Let’s take contour (—RRAA;(R)) as (T), where
(xe ¥+ 0(e™™ - D)Wk

A9 =

o(1 — e—2kt)1/2

with (xe ™ + (e " — 1)) > 0, if a;, < o, the contour is arranged symmetrically

along the axis Oa; with R - +oo, f_RR

with R — oo, therefore equality (7) holds.

Let's check that goes to zero at R - +oo.
A | asol

_a? _(R+iay)?
fe 2 da| = f e 2 d

R 0

With fixed x, 6, k,t, 0, e!®10ol = const, then because
A

—R2 .
e ® 50, lim
R—>

R

e 7

a | = e_Rzela“’”a’l ol-

. « + A +
will transforminto [, and [* - [*”

8)
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a2
Similarly, fA‘lR ez da > 0, R > +oo. Will get

400
1 xekt —y g(e~* — 1)\’ 4k
w(t,x) = E f uo(y) expy— 2 + 2 02(1 — e2kt) dy,

so fundamental solution or the Green's function has the form

1 xekt —y +0(e7* - 1) g
p(t,x,y) = - exp _ = )
7'[%(1 — e-2kt) 7(1 — e~2kt)
1 (y—x+(x—9)(1—e"":))2
= expy{ — p
7'[0-72 (1 — e~2kt) T (1 — e—2kt)

On the other hand, on the probabilistic side, the Green's function is the density of
distribution.

Using the methods of spectral theory and the theory of singular and regular
perturbations, we can find the approximate price of Ornstein-Uhlenbeck two-barrier
options with multivariate volatility, as a self-function decomposition using infinitesimal
generators of (I +n+ 1)-dimensioned diffusions, [>1,n>1, € N,n€e N , that is,
diffusion depends on one local variable, the I-dimensional fast-variable factor and the n-
dimensional slow-variable factor. This work is an extension of [6, 11, 13], in [11] I =1
andn=1.

Process X can represent many economic phenomena and processes. For example,
inventory value, index price, reliable short interest, etc. More broadly, X is an external
factor that characterizes the cost of any of the above processes. By physical measure P of
process X, we understand process X, which has an instant drift v(X,) and stochastic
volatility a(X.)f Y1z --» Vit Z1g, --» Zne) > 0, which contains both components: local
a(X.)and non-local f(Yis, -y Vit Z1p ) Zne)- It should be noted, that infinitesimal
generators for ¥; and Z; have a form v i, j

e 11 & 1
Y]]- = Z(Eﬂjz(yj')algm + a}'(yj)ay])’gzli =6 <§gi2(zi)azzizi + Ci(zi)azi)'
]
are characterized by the values iand é;respectively. Thus, Yy, ...,Y; and Z,, ..., Z, have
J

an internal timeline ¢; > 0 and l > 0. Let’s consider ¢; << 1 and §; << 1, to make the

13

inner time scale ¥; small and the inner time scale Z; — large. Therefore, ¥;,j = 1,1, are

fast variables, and Z;, i = 1,n are slowly variable factors. Note that E;j_ and 522 have
J

the form of the Ornstein-Uhlenbeck process [20]
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1—2 272
a;w =§cr X“05w + rxd,w —rw,

the right part of which has a form
%szzy” +rxy' —ry=0, 9)
Let’s reduce (9) to the equation y'' + Ay = 0, where 1 = const, so that there is no
first derivative in the obtained equation, that is, we look for a solution in the form

y = s()v(x),
where v(x) — new unknown function, and let’s choose s(x) in such way to have
v+ Ax)v = 0. (10)

Having reduced into (10), we will have G%x2%s’ + rxs = 0, herefrom

X r
s(x) = exp {— f de} = exp {—ﬁln x}.

AG0) = d(rx) (rx)z 2r r r?
X = dx \g2x2 o2x2 a2x2  g2x?2  g4x?
will have
" r 1
v ) (1 +ﬁ)v =0.
Thus,
y =s(x)v(x), ne s(x) = exp {—élnx}.
In our case

2 2r )
m(x) = 5252 exp {? In x}, s(x) = s%(x).
In order that in equation (10) was not a function of A(x), but A = const, then we
replace the variables x = a(0) in (9).

! ! ! n n 1 ’ O-é’Z
Yoy = mym Yz = Vg2 o Yo P
substituting in (10) we obtain
1 1
Eﬁzo'xzy” + (rxa’z - 5620”x2>y’ —ra’®y =0, (1D
Let’s apply to (11) the same considerations as in (8) y = s*v then
1_
rxo'? —55%0""x?
s* =exp —j _2, ao =\/c75.
a%0'x?
Let’s write the value of new 1*(6).
2
d [rxc'? — %620'%2 rxo'? — %620'%2 27
r(0) =—— — - 5 — =
deé g20'x? a%o'x? a%x?

=2
For reasons of solution, let's make a substitution x = exp {% 6} to find A
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) G ()

_1<ra)
—72G "2 "

we will have

2 1(r 5)2 o k-4 1<r 5)2+
e e Ay B
need solution to be equal 0 at points L and R , and x** and x*z do not give such a

picture, so we will replace the variables x = Le?, we’ll have
2

a* 1<r 6>2+ ~o
27 “\2\G7z2) TT)vEY

a2 v?
717” —<7+r)v =0,

on eigen values and eigen functions we will explore
& 1/2+ A o v, L<x<R 0<9<1R
ZU 2 v =AVD, 217 = nV, S X SR, s _nL,

or

then
a2 2
7k2=—/1$l, A, >0, k2=—ﬁl,21, ki,=%
The general solution has the form
V2 V2
v = (; cos (T/lnH) + C, sin (T/lne),
o o
Let’s check the fulfilling of boundary conditions, if 8 = 0, then C; = 0, with § = In %,
sin (g/ln ln§) =0, g/ln lng = nm,

iz
ian.
g

therefrom
nno nno
Ap = — v,(6) = sin R 0.
\/Z ln Z \/i ln Z
From the point that

ln%
f ., nhmo 0.do 1 l R

sin =—=Iln—
5 \/Ell‘l% 2 L

We have
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nné nn&ln%
sin RO siniR
V2In+ V2In+
— L _ L
vy, = = .
1R 1, R
2L 2L
2
_ X
() nno <AZ+1<T 0')2+ ) x { rl } _ nnalnz
n(X) = ntoslz—3 ] |[—pexp1—Inx;sin——,
2In} 2o 2 I} g VZIn®
Let’s find the scalar product
R x x
x52 2r nnlnz mnlnz
(l,bn(x),l,llm(x))= —Rexp{—?lnx}sin 5 sin —F
L lnz \/ill’lz \/flnf
2 2r 1 (2 (nwm) [mring
Wexp{?lnx}dx=ln—ﬁf;sm lnB sin 1n£ dx =
LL L L

1 1
2 f sinnmt sin mmt dt = 2 f [cos(n — m)mt + cos(n + m)nt]dt =
0 0

=0, nFm.

sin(n — m)mt |1 sin(n + m)mt |1
m—-m)r 10 T 0
Withn =m
1
sin2nmt 1

1
J‘sin2 nrt dt = f(l —cos2nmt)dt =1———| =1
2nt 10
0

Thus,
1, n=m,

W@ ¥m@) = {7 0
111 Results and analysis

Let X be the securities without paying dividends on an asset (for example, stock,
index, etc.). Often, X is modelled as a geometric Brownian motion with constant volatility
(e.g. Black-Scholes formula) [7]. Consider X as a model of geometric Brownian motion
with multidimensional stochastic volatility. In particular, P dynamics in X are given by:

X, = rXedt + f (Y1, .o, Y1, Zq, oo, L) X dWE L R(X,) = 0,
Let’s calculate the approximate price of the double barrier of the option defined on X.
Let us write down the operator (£,) and its associated densities at speed m(x)

1, ., 2 2r
(8,) = EO‘ X205 +1rx0, —1r, mx)= 52,2 exp (EIn x). (12)
For a double barrier option with L and R barrier values, the payout is:
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HX) sy = Xe — K) I I = (LR), 0< L <K <R,
To calculate the value of this parameter, at first, it is needed to find the eigenvalues of
the operator (g,) with boundary conditions
limy,, P, (x) = 0, limy_g P, (x) = 0.
It should be noted that a regular killing of boundary conditions at the ends L and R are

entered. Equation
_(22>lpn = Anwnv wn € dom((£2>)
with the above boundary conditions can be found in [4]

5 nmln x
Y,(x) = oVx exp (—_Lzlnx) sin A , n=123..
1 R g In (E)
n I L
2
3 1 nno +<v2 N ) r G
n==|—% —+7r], vV=———.

Let’s write down expressions for operators.4; and B;
c/q] = —l93jx6xx26,§x — ﬁzsza,%x, Bi = —ﬁlixax - 1901"
and B For k # n let’s find

ikn'

(13)
On the basis [12] let’s calculate Ay ,,, Biy
=1+ (=D**"knr
— R
(k2 —=n?)a2%In (f)
/(—1 + (=)™ kn <4n2n254 + (=12r?% + 4r5% + *)In? (%))

| o J

2(=1 + (=1)¥*M)kn
(k=m)(k +m)n(7)

~ i ~[8(=1+ (1)**")knrIn (%)
Bik,n = _ﬁlial(yk,n) - 1-9i00-’ (kz _ n2)2ﬂ253

c/‘ij,n = _192j

Bikn = Vi

1]

4nkr(In(L) — (=1)**"In(R))
v n =
¢ (k% —n2)a* In (5)

2(=1 + (=D**")kn <(k —n)(k + n)T?5* — 2r(=2r + 52)In? (%)

R
2 227255
(k? —n?)2m%G ln(L)
And for k = n let’s find
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1(3n°m?v 1, nPr?
A ==051(55| ~omy =V |~ 7 . (R
nz (7) In2 (7)
, n'n? v
]9]2 52 - 1 5 (E) + g ]
Az
2r — g2
Bin,n ]91'1 252 i0»
~ (1 rv(In?(R) —In?(L)) (1 r(In?(R) —In?(L))
Binn = =910 7 — Y00 7

o (?) on(®)

Calculation c,, can be found in [1-2]

v

L
=0, C—K)*") = R (Lop (v + 3) — KD, (v)),
log (7)
2
Dp(y) = P

(exp(&y) (wnCOS(gl)#ﬁ) —ysin(w, &) — exp(Uy) (=1)"w,),
o— 1 K 1 R
o= f=2In () W= 2in(3)
The approximate price of the options can always be calculated and plotted,
individually in each respective timeline, in the same way as for two components [3].
Let’s calculate the approximate price of a zero coupon bond.
Let’s write the operator (8,) and its associated densities at speed m(x)

1 _
(8) = 53202 + (0 — )0, — . (14)

2 -k _ ) _ 1
m(x)=?exp(§(9—x) ), 9=9—Ef.(2.
For a zero coupon bond, the full payout is:
H(X,) = Isy = 1. (15)
The differential equation corresponds to operator (£,).
1
zc?zy” + k(0 —x)y' —xy =0,
Let's make a substitution to avoid the first derivative in the obtained equation:

y =s@u®), y'(®) = s"@ux) + s()u' (x),
y"'(x) = s"(ulx) + 25" ()u' (x) + s()u” (x),
where u(x) — unknown function, s(x) — will be picked from the obtained equation

%Ezs(x)u”(x) + %6225’(x)u’(x) + %623”(x)u(x)
+ k(6 — x)( s@u'(x) + s’(x)u(x)) —xs(x)u(x) =0,
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therefrom
k(0 — x)s(x) + a%s'(x) = 0,

s'(x) k(0 —x) k(0 — x)?
s(x) I s() = exp {T}

We will get the equation
1 1
Eﬁzs(x)u”(x) + <§ 725" (x) + k(0 — x)s'(x) — xs(x))u(x) =0.

Because

i.e.

s(x) = exp {%},
then
v k(O =) k(0 — x)?
s'(x) =— = exp{ 5= )
2 _ 2 _ 2
S”(x) — <§ —x 4+ K(eo-_—zx)) eXp {_ %}'

By substituting we will get
2 [ n,-A%/4 1 2
6n = (hu 1) = 2 [N Te ™%, = My exp (—AE 5 A7) Hy(§ + A),

_ 1/2 _
K o o
= (\Eﬁ) A=

Vi _ .
f—?(x—e), ln—H—ﬁ+lm, n=012,..

Let’s substitute all values of variables into v,

x &\ G VK 152
n = (J;ﬁ) exp (‘m?(’“ -9 _EF)
Hn<§(x—§)+i),

372
where § = 6 — %f_ﬂ and H,,- the Hermite polynomial.
Let’s find the scalar product(i,, (x), ¥, () ):
+0o

K G 25 &
(Y (), P () = J \EWEXP (—7(36 -0) - F)

Vi - 9 Vi - 5\ 2 -
H, (?K(x—e) +%)Hm <?K(x—9) +%>§exp(%(x—9)z)dx

+00
_\/? 1 f (K 5 + g )2
“Nrvzirmm ) P& =0 +an
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Vi G Vi . a
Hn(T(x—9)+L)Hm<F(x—6)+K;—‘/2)dx.

After replacing the variable —(x -0)+—=5; 3/2 = a we will have

(), () = f exp{—a2} Hy (@) Hyn ()dar =

1
Vr2n2mn!m!
+oo -

— 1 f 1)n+m d* 2 :dm _aTZd
B Vi n!m! D dx”e dxme @
Because
+e «? ) o? (m) teo o? (m4+n) o2
f (e_7> <e_7) da = (—1)" j (e_T) e 2da=

—00 —

+00

=nHm f <e_a72)m+ne_72 da.

—00

R

therefrom it follows that
" o\ a2\ ™ #0, m=n
f<6_7> <e‘7) da={ 0‘ m=n'
(2n)

Znnl\/_J <dxne 72) da—znn,\/—j %( _> da.

By integrating by the parts, given that such an mtegral contains pair degrees a*

u2
decreases and reduces to f:’(: e~z da, and integral which contains a*, k- not pair equals
zero, 2n times, taking by parts we will get (¥, (x), Y, (x)) = 1.

To find the price of the bond with payments H(X,) = I;;.; = 1, it’s needed to solve
the equation (15) on finding the eigenvalues at the segment | = (— o0, ) with (2,),
according to (15). As both ends — oo and oo are natural boundaries, then the solution has a
form [3]

— 1/2 — —2 —
Yo = (\/Zﬁ) exp (—K;—',zg(x -0)- %Z—) (f - 6) + ,)
H,, —the Hermite polynomials [18], which have a form
n
2 dn (o x H(l)f nt oy
o = (1) W(e ’ ) 2. =it
Let’s write down expressions for operators c,]q;oand B;:
c/q] = _19]'36;)05 - (19]2 + ujz)a,?x - Hjlax, Bj = 19]18)6 - 19]0
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are written on the basis of recurrence ratios:

Operators Ajens Bjiens ﬁjk‘n
0uHy = 20y, 2xHn = Hnso + O,
A
1\3 ™ 2\/_ n'N,
Hjen = =V Z %) (5 m%—m
3An 1 2-m n'N
2+ ) Z ) (5 W&m_m
2\/E n!' N,
Y1 6kn — | — <7 Okn-1(
g J(n—1DIN,_,
—1 Zx/E nl NV,
B]kn__ﬁl (K )6kn 5 (Tl—l)'N 16kn 1 j06k,n'
LN, _
~ (/N1 g n
Bin = =31'{|(50) (35 ~35=5)] o
+(—1) 4 +2\/E(1 ol n) n!' N, 5
K K; g J\2¢ k3 n—1DIN,_, 1t

)+ () (5[

[(2 K (—_2) n!' N, 5 } 9 5
g J\G/)|(m=3)nN,_ 5 *n3 0
{(L_E_E)a +<1>%5 HE) )
26 k3 g/ " ) (= DN,y k=1 (n—2)N,_, "2

pEsLs

— R\ +(4) 5
(n—DIN,_, " (n—2)'Nn ,

ot () () )

Calculation of ¢, can be found in [1-3]

2 [ 2
=W =2 J%NnA"e 1

For zero coupon bonds, the profitability curve is considered more often rather than the
price of the bond itself. Return pes” in zero-coupon bonds, for which one dollar is paid at

time ¢ is determined by the ratio:
wed' = exp (—RE'5't>,

Let’s get an approximation for a zero coupon bond, sorting it out both bond prices
wes’ and return pzs” by degrees \/E_J and \/5_1
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0’+Z\/_W_0’+Z‘/_W"+
expy — R6574-:E:Vﬁ§Ri}674_:E:VGER63€ t
:e_ 5,0 +Z\/_R_0,e Roo’ +Z\/_R_ e Roo’t

Grouped by degrees\/_ and\/_we will get:

.,
e’ o p D n
R ~ Ro+ Zﬂ/e,Rl_j‘O, + Z VSR
j=1 i=1
1 _WTJ-? _W61

Ry =—-In(wyz),  Rpg= R =
0,0 0,0 )’ 1,0/ "’ 0,1 _—
t j tWOO, i tWow

Note: the drawings are built by component in each corresponding timeline, similarly
for the two components as in [2].

IV Conclusions

Thus, the studies conducted in the work allow us to draw the following conclusions.

An algorithm for finding the approximate price of derivatives has been developed and
explicit formulas have been found for finding their value based on the decomposition of
eigen functions and eigenvalues of self-adjoint operators using boundary tasks for singular
and regular perturbations. The theorem of estimating the accuracy of derivatives prices
approximation is established, on the scales of systems of slow and fast variable factors on
which volatility of derivative financial instruments depends.

The general method of finding the approximate price for a wide range of derivatives
has been obtained. It has been established that derivative payments can be path-
dependent, and the underlying process may exhibit a jump whose intensity depends on
multidimensional volatility. The price of options depends on the stochastic
multidimensional volatility, which is described by a path-dependent process. Finding the
price of derivatives comes down to the task of finding the eigenvalues and eigenfunctions
of a particular equation that fits this model.

The approximate price of bonds and their profitability are determined by the methods
of spectral theory and wave perturbation theory. The spectral theory and the theory of
singular and regular perturbations have been applied to short-term interest rates described
by the Vasicek model. The approximate price of the bonds and their profitability are
calculated.
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The main advantage of the reviewed pricing methodology is that, by combining
methods with spectral theory, regular perturbation theory and singular perturbation theory,
it reduces to solving equations on finding eigenfunctions and eigenvalues.
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