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Abstract. We revisit, deepen, and make more systematic, the study—
undertaken ca. 1990—of reductions of Hilbert’s tenth problem to frag-
ments of set theory, whereby sublanguages of the Zermelo-Fraenkel ax-
iomatic theory are shown to have an undecidable satisfiability problem.
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Introduction

We show that the satisfiability problems for various fragments of ZF—the
Zermelo-Fraenkel first-order set theory with regularity axiom—are undecidable.
To wit, if @ is among those sublanguages of ZF, no algorithm can establish
whether or not any given formula 1 in @ becomes true under suitable assign-
ments of sets to its free variables.

For each @ taken into account, the undecidability result stems from a uniform
translation method which turns every instance D = 0 (with D € Z[x1, ..., xy)])
of Hilbert’s 10*® problem into a formula v of @ so that 1 is satisfiable if and only
if the polynomial equation D(x1,...,2,,) = 0 has natural solutions. Through
this translation, the algorithmic unsolvability of Hilbert’s 10*" problem carries
over to the satisfiability problem for .

Some of the undecidable @’s are slight extensions of a core language consist-
ing of all conjunctions of literals of the forms z = yUz, x = y® 2z, Ny = &, and
|z| = |y|, where z,y, z stand for variables, y ® z is a variant of Cartesian prod-
uct consisting of singletons and unordered doubletons, and |z| = |y| designates
equinumerosity between = and y. Additional conjuncts entering into play can be,
e.g.: one literal of the form Finite(z), stating that x has finitely many elements,
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taken along with one literal of the form = # @. Another option would be to
extend the said syntactic core by allowing three negated equinumerosity literals
of the form |z| # |y| to appear in the conjunction. Our interest in these, and
similar, slim undecidable set-theoretic languages is increased by the fact that
they lie extremely close to fragments of ZF which are either known [3, Sec.11.1],
or conjectured [4, p. 239], to be decidable.

One can recast the undecidable fragments of ZF under study in a set-theoretic
language entirely devoid of function symbols (such as U, ®, etc.), which only in-
volves the relators € and =, propositional connectives, and also the constructs
Vo € y ¢ and dx € y ¢ involving bounded quantifiers, subject to a very re-
strained use. The fact that somewhat sophisticated notions like “being an or-
dinal”, “being the first limit ordinal w”, “having a finite cardinality”, “being a
hereditarily finite set”, can be specified inside this collection of formulas, dubbed
(V3)o formulas, gives evidence of the high expressive power of bounded quantifi-
cation in the context of ZF.

In a full-fledged language for set theory, (V3)g specifications are only seldom
used in order to define mathematical notions. Hence, to support the correct-
ness of the proposed (V3)g-specifications of w, equinumerosity, and finitude, we
have proved that they are equivalent to more direct and practical characteriza-
tions of the same notions. As we document at the http://aetnanova.units.
it/scenarios/SetTheoreticH10/, this formal accomplishment was carried out
with the aid of a proof-checker embodying a computational version of ZF.

1 From Hilbert’s 10*" problem to unsolvable satisfiability
problems in set theory

1.1 How to flatten instances of Hilbert’s 10" problem
Consider a polynomial Diophantine equation
D(z1,...,2m) =0

to be solved in N. By pulling out subterms of the polynomial D, we can flatten
this equation into a system (viz., a conjunction) of equations of the forms

r=y+z,rz=y-z,x=1, z=y,

where x,y, z stand for variables, to be regarded—the new ones as well as the
original ones, x1,...,Z;—as unknowns in N (cf. [10,1]). We can then eliminate
each equation of the form x = y by rewriting it as * = y + (, where ( is forced
to assume the value 0 (see equations (5) below).

The flattening process can easily enforce that x,y,z are distinct variables
when they appear together in the same equation x = y x z (with x € {*+7,¢’});
moreover, we will keep a sole equation, o = 1, involving 1. The equi-solvability

between the system A so obtained and the original equation will be obvious.
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Ezample 1. The equation (from /8, p. 4])

4atae—2xtay — 3232 + 523 =0 (1)

can be flattened into the following system Ay consisting of 26 equations in 28
unknowns, 8 of which are x1,xs, 3, namely the original unknowns of (1):

(=CG+G¢, =+, G=C+0C,
o=1, Uy = U1 + 0, ug =ug+o,
uy =o0+¢(, Uz = us + 0, Us = uUg + 0,
Pg}l:xl—l—c, Pglngl-ml, Pglzpfl'lj,

P112:x2+<7 P2 :PmIQ'x2a

x2

1 _ 2 1 3 2
Pz3_x3+<-7 P —P$3'SL'37 Pzg_Pm3'$37

3
M{ =uy-P3 ., My=M{ 25, My=us-zs3,
M3 =uy- P2, My=M;-P3 L =M+ My,

3 )

M?}ZU3~P$227M3:M?}'.’K1, L=M2+M3
By then replacing the equation o =1 in Ay by the constraints o # ( and
o=0-0,0=0+¢, (2)

(which are equisatisfiable with o = 0> & o# (), we get a system A which is

equisolvable—in N—uwith the initial equation (1) and consists of: 28 equations
in 29 unknowns, of the forms

r=y+z,r=y"2, (3)

(where all compound terms y x z involve distinct variables) and one inequality
0£¢C. (4)
4

Definition 1. Systems that consist of flat equations of the forms (3) conjoined
with the equations

(=C+C, 1=0+(, @G=C+0 (5)

and (2) and with the inequality (4), and inside which all terms of type y + z and
y - z involve distinct variables, are named CANONICAL DIOPHANTINE SYSTEMS.

Remark 1. One can also express multiplication in terms of the SQUARING oper-
ation (see (6, p. 230]). Notice, in fact, that any equation of the form z =1y-z
18 equisolvable in N with the flattened system of equations

p=y+z, =2+,

_ .2
q=p, f=y, g==z,
k=z+2', h=f+g, g=k+h,
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as can be seen from the identity

q h
—_—— .
2 2
y+z) " =y-z+y-z+ y + 2= .

P x

x!

From a canonical Diophantine systems A, we will next get a conjunction A
of set-theoretic constraints of the forms:

+ =.U+ | UNION (ternary relation)
- = - x - | CARTESIAN PRODUCT (ternary relation)
N« = & | DISJOINTNESS (dyadic relation)
|-] = |-] | EQUINUMEROSITY (dyadic relation)
Finite(+) | FINITUDE (property)
={-} SINGLETON FORMATION (dyadic relation)

] NON-EMPTYNESS (property)
|+| # |+| | NON-EQUINUMEROSITY (dyadic relation)

Here, in light of the replaceability of multiplication by the squaring operation (as
pointed out in Remark 1), we might only employ Cartesian square y x y, without
ever resorting to the product y x z with y distinct from z.

1.2 How to translate a canonical Diophantine system A into
unquantified fragments of set theory

Let A be a Diophantine canonical system.
We translate each conjunct of A according to the following rules:

r=y+z ¥ WP=yUz & yNz = @ & |[uW*|=|z],
x=y-z ~> wrf=yxz H |wVF| =]z,

0#£C oo,

where each u¥>* and each w¥>* is a new variable. By also adding, for each variable
win A, the conjunct Finite(u) (meaning that | v | € N), we obtain the set-theoretic
counterpart A of A.

Next we prove that the canonical system A is satisfiable in N if and only if
its set-theoretic counterpart A is satisfiable in the universe of all sets. In view
of the unsolvability of Hilbert’s Tenth problem (see [8, Chapter 5]), we readily
obtain the algorithmic unsolvability of the satisfiability problem for set-theoretic
conjunctions of positive literals of the forms

r=yUz, xz=yxz, azNy=a, |xz|=]|y|, Finite(z),

plus a single inequality of the form = # @.
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To carry out the first half of the proof, we observe that any set-assignment
v — Muv over the variables of A that satisfies A induces naturally the corre-
sponding N-assignment
v+ | M (6)
over the variables of A, and it is a simple matter to check that (6) satisfies A.
For instance, if x = y 4+ 2z is in A, then the following conjuncts are in A

u¥* = yUz, yNz = &, |u¥?| = |z]|,
Finite(z) , Finite(y) , Finite(z) .

Hence, we have:

Mu¥?* = MyUMz, MynMz = 0, | Mu¥:
|Mz| eN, |My|eN, |IMz|eN,
so that

|Mz|=|Mu**| =|MyUMz|=|My|+[Mz],

proving that the N-assignment (6) satisfies the equation z = y+ z.
Similarly, one can show that the N-assignment (6) also satisfies all equations
of the form z = y -z in A as well as the inequality o # 0.

For the converse proof, we will make use of the following notation, for every
keNand ACN:

k] ={1,2,...,k} and k+A:={k+a:acA}.

Suppose that v — v is a solution to A in N, and let vy, vs,...,v, be the
distinct variables in A, in any fixed order. We define a set-assignment over the
variables in A by putting:

— Mvj == kj + [v], for j =1,...,¢, where k; ZJ 1”'“ (so that k; = 0);
— Mu¥?*:= MyU Mz, for every literal z = y+ 2z in A;
— MwY? := My x Mz, for every literal z = y-zin A.

We prove that the set-assignment M so defined over the variables of A satisfies
all of the conjuncts of A.

— Let x = y+ z be in A. By the definition of M, we have
Mu¥? =MyU Mz,

so that M satisfies the conjunct v¥* =y U z.
Let y and z be the variables v; and v;, respectively, where without loss of
generality we are assuming ¢ < j. Also, let x be the variable vy,. Preliminarily,
we show that

Muv; N Mv; =0. (7)
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If ) € {Mwv;, Mv;}, then (7) plainly holds. Otherwise, recalling that
Mv; =k; +[v;] and Muv; =k;+[v;],
we get

j—1

i—1 %
max Mv;, = k; +v; = E v, +v; = E v, < E v, < min Mwv;,
r=1 r=1 r=1

whence (7) follows in this case too. From (7), it follows that

| Mu?*| = [MyUMz| = [My|+|Mz| = [Muv;|+|Muv; |
= v, +v; = v = |M1}h| = |M$|,

proving that the set-assignment M satisfies the conjunct | Mu¥* | = | Mz |.
— It is even easier to prove that M satisfies also the literals in A of the forms

w¥? = yxz, |w¥?| = |z,

resulting from the translation of equations of the form z = y -z, and the
only literal of the form =z # @& in A.

— To end, for each variable u in A, the assignment M also satisfies Finite(u).

__ We have thus obtained that the set-assignment M satisfies the conjunction
A, and hence conclude that the translation A — A is satisfiability-preserving,
namely:

Theorem 1. A canonical Diophantine system A is solvable in N if and only if
the corresponding conjunction A is satisfied by some set-assignment.

Consequently, from the undecidability of Hilbert’s tenth problem we get:

Lemma 1. The satisfiability problem for set-theoretic conjunctions of any num-
ber of positive literals of the forms

r=yUz, z=yxz, zNy=92, |z|=]y] ()

and of the form Finite(z), plus one negative literal of the form x # @, is algo-
rithmically unsolvable.

Since finitude is C-hereditary, any conjunction A, ; Finite(z;) of finitude
constraints can be replaced, without affecting satisfiability, by the conjunction
Finite(F) & A,c; F'= F Ux; containing a single finitude constraint, where F'
is a newly introduced variable. The preceding undecidability result can hence be
slightly strengthened into:

Lemma 2. The satisfiability problem for set-theoretic conjunctions of any num-
ber of positive literals of the forms (f), plus one positive finitude literal, Finite(x) ,
and one negative literal of the form x # @ is algorithmically unsolvable.
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A fortiori, we also have the following negative result:

Lemma 3. The satisfiability problem for set-theoretic conjunctions of any num-
ber of positive literals of the forms (I), plus one positive finitude literal, Finite(z) ,
and one negative literal of the form |x| # |y| is algorithmically unsolvable.

The following claim gives us a way of expressing the finitude of sets:

Proposition 1. A set with at least two members is finite if and only if it is the
union of two sets whose cardinalities differ from its own cardinality.

Proof. Tt suffices to note that, for an infinite set s and any decomposition s = s;U
s2, we have (independently of whether s1Nss = @ or not) | s | = max(] s1|,|s2 ).

Thus, without affecting satisfiability, any conjunction A, ; Finite(z;) of
finitude literals can be replaced by the conjunction

F=RUF, & |F|#|F| & |R|#|F| & \F=Fuu
el

containing no finitude literal, where F, F}, F5 are newly introduced variables.
In view of the preceding remark, Lemma 3 can be restated as follows.

Lemma 4. The satisfiability problem for set-theoretic conjunctions of any num-
ber of positive literals of the forms (1), plus at most three negative literals of the
form | x| # |y|, is algorithmically unsolvable.

One can express finitude also in the following way:

Proposition 2. A nonempty set is finite if and only if, by removing a member
from it, one obtains a set of different cardinality.

Therefore, we have:

Lemma 5. The satisfiability problem for set-theoretic conjunctions of any num-
ber of positive literals of the forms (f), plus two positive literals of the form
x = {y}, and one negative literal of the form |x| # |y|, is unsolvable.

Proof. In view of Lemma 2, it is enough to observe that:

— a negative literal of the form x # @ can be expressed via a conjunction of
the formy’ = {2’} & x = z Uy where 2,y are brand new variables;

— any conjunction A, Finite(z;) of finitude literals can be expressed by
means of the conjunction

F*={f"}8F=FUF*§F~ =F\F* & |F~|#|F| & /\F:FUa:i
el

containing no finitude literal, where F, F*, F~ are new variables;

— a literal of the form = = y \ z can be expressed by means of the conjunction

y=zUz HzxzNa' =0 §&zNz=0 & 2’ Ny=09.
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1.3 Undecidability results regarding unordered Cartesian product
Much the same reductions can be carried out when the operation ® defined by
s@t = {{uv}:ues vet}.

(for sets s,t whatsoever) supersedes the standard Cartesian product operator x.

In order that Lemmas 1, 2, 3, 4, and 5 retain their validity with this unordered
product operator ® in place of x, it suffices that the above-proposed translation
rule for arithmetical constraints of the form z = y - 2z gets retouched as follows:

r=y-z v wr=yRz & yNz=a & |w¥?*|=z|.

2 Undecidability of a restrained collection of
bounded-quantifier formulas in set theory

So far we have been designating various set-theoretic operations (e.g., dyadic
union, Cartesian product, cardinality) and properties and relations (finitude,
disjointness, etc.) by means of ad hoc signs (- U », « X «, Finite(-),-N+= &, etc.)
which, if adopted beforehand as primitives in the language supporting set theory,
would make the undecidable fragments reviewed in Sec. 1 devoid of quantifiers.

Most often, set theories get formalized in a first-order language devoid of
constants and function symbols, whose only relators are € and =. How complex
then becomes the syntactic structure of the formulas lying in the undecidable
fragments? As we will see next, a very modest usage of quantification is needed
to state them: only bounded quantifiers, and just one quantifier alternation are
needed, with (bounded) universal quantifiers in leading position.

2.1 The syntax of (V3)o formulas

Consider the first-order language L< endowed with:

an infinite supply vg, v1, 12, ... of set variables;

— dyadic relators €, = designating membership and equality;

the familiar propositional connectives — (monadic) and &, v, —, <+ (dyadic);
— associated with each set variable v; , the familiar quantifiers Vv; and Jv;.

We enhance the usual syntax of formulas with two handy shortening devices:

Definition 2. Universal and existential BOUNDED QUANTIFIERS are introduced
as follows:

(Vl‘ € y)‘p S Det (Vx)(x ey — (P) B

(Fzey)p ¢ )@y o).
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Definition 3. We dub (V3)p-FORMULA any conjunction & of the form

M
/\ (Vyj1 € yj1) - (Y, € y;»pj) (Fzjn € afy) - Ty, € x;qj) ©j

where, for each j, the formula ¢; is devoid of quantifiers and either p; > 0,
gj = 0 or p; = q; = 0 holds.

2.2 (V3)o specifications

Definition 4. We dub (V3)y SPECIFICATION of an m-place relationship R over
sets a (V3)o formula @ with free variables ay,...,am,21,-.., T, (where k > 0)
such that, under the axioms of set theory (see below), one can prove:

R(at,...,am) & (Fx1,...,24) D.
E.g., the right-hand sides of

a=b\c & (Vtea)(teb&tdc) & (Vteb)(tecvitea),
Sngl(a) +» (3z)(z €a & (Vy €a)(y =x))

are (V) specifications of the 3-place relationship a = b\ ¢ and, respectively, of
the property “being a singleton set”.

In the ongoing, our set-theoretic framework will be the theory ZF, axiom of
regularity included. First, in order to design a (V3)( specification of the property
“being a finite set” (see Sec. 2.4), we will extend temporarily the signature of L¢
with a constant w which is meant to designate the first limit ordinal; then we will
figure out a (V3)( specification of the property “being the first limit ordinal” (see
Sec. 2.5), thus ending in an impeccable (V3)q specification of finitude. Along the
way, we will also specify the important equinumerosity predicate, which relates
two sets when they have the same cardinality (see Sec. 2.4).

2.3 (V3)o specifications referring to disjointness, unionset, and
weak Cartesian product

tNy=2+ (Vvex)(véy),
x C Uy« (Vo' € 2)(3y Gy)(w’ey’),
Uf Cv <« (Vp e f)(Vw € p)(w € v),
(Y1, xo, x3 Ep)(xl—zQsz—x;),Vacg—ml)
&
&

)

Mapy(f) < (Vp € f)

fCr®@y < Mapu(f)
(Vpe )3 €ex)By ey)(a' ep &y €p)
(Vpe flVwep)(wezvwey).

The explanation of the last of these is straightforward; here it is:



10 D. Cantone, E.G. Omodeo, M. Panettiere

No member of f has more than two members: (Vpe f)(lpl<2),
where

Ip| €2+ (Vai, 20,23 Ep)(xl =29 VI3 =x3V I3 :xl).
Each member of f has the form {2/,y'} with 2’ € z and ¢ € y:
(Vpe f)(F €x)(Iy ey)(a'ep By €p).

No member of a member of f lies outside z U y: UfCauy.

2.4 (V3)o specifications of equinumerosity, squaring, and finitude

Lly(v, fiy) ozny=20 8 fCreyxCUf 8y CUSf &
(Vp,qe f)Vvep)(veq = p=q).

Meaning:

1-1.(z, f,y) can only hold if z and y are disjoint sets, in which case f models
a one-to-one mapping between x and y by means of unordered pairs, in the
sense that:

- f consists of doubletons proper;

- each doubleton in f pairs up a member of x with one of y;

- f pairs up exactly one member of y with each member of z;

 f pairs up exactly one member of z with each member of y.

Stating that sets z,y are of the same cardinality amounts to the statement
that there is a set 3’ such that

- 3/ can be put in one-to-one correspondence with x,

- 3/ can be put in one-to-one correspondence with v,

. 9/ and z are disjoint, and ¢’ and y are disjoint.

Summing up, we have:
[ = [yl & 3y, g, ) (1-1u(2,9,9) & 1-Lu(y, hyy'))-

Clue: One way of concretizing 3/, here, is by putting ¢ = y ® {y U x}.

Likewise, stating that the cardinalities |z|, |y| are such that |z| = |y|* amounts
to the statement that there are sets y/, 2’ such that

- 3/ can be put in one-to-one correspondence with v,
- 2’ =y ®y and 2’ can be put in one-to-one correspondence with x,
. 2’ and x are disjoint, and vy’ and y are disjoint.
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Summing up, we have:

o) = |yl & 32’ ', g, B)(Mapu(a) & 11, 9,2) &

Lu(y', hy) &

(VpEx’)(Huey)(HUEy’)(uEp & vep)
VMuey)(Vvey)Fpea)(uecp & vep)

).

Clue: The equality 2/ = y®y’ follows from the conjunction of Map,, (z’) with the
last two conditions, thanks to the disjointness constraint ’Ny = & hidden inside
1-1,(y', h,y). A convenient way to instantiate ¢’ is, again, to put v’ = y®@{yUz}.

A finite set is one that can be put in one-to-one correspondence with a
cardinal preceding (i.e., belonging to) the first infinite ordinal, w:

Finite(z) <+ (30)(0 € w & |z| = o] ).

More explicitly:

Finite(z) «<» (3o, o', g, h) (0 cw & 1-1,(2,g,2) & 1—1W(a:’,h,o)).

2.5 (V3)o specification of ordinals and of the first limit ordinal

A set t is said to be transitive if t C Z(t); equivalently, if [t C ¢. After John
von Neumann and Raphael M. Robinson, ordinal numbers are those transitive
sets within which any two different elements can be compared by membership:

Ord(0) & (Vy€o)(Vy' €y)y' €0 &
(Vo1 € 0)(Vog € 0)(01 =02 V 01 € 03 V 09 € 01)

Those ordinal numbers o such that o # @) and o = o are called limit ordinals.
Plainly, the property “being a limit ordinal” is (V3)o-specifiable.

To characterize uniquely the first limit ordinal, w, among all sets, it will
suffice to conjoin together the following conditions, where z,a, and s are meant
to represent, respectively: w itself, an element of w, and the successor function
(modeled as a set of doubletons, each one implicitly ordered by membership):

z is a non-null ordinal:
a€z & Ord(z2) (8)

No member of s has more than two members:
Mapw (s) 9)
Each member of s is a doubleton {z,y} with z € y € =:

(Vpes)Br,ycp)(zecy&yecz) (10)
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5 is single-valued:
(Vp,q € s)(Vx,y € p)(Vy' Eq)( (xeyBrey Brey) —>p:q) (11)
The domain of s includes z:
(Vzez)(dpes)(Tyep) (zepBrey) (12)
The multi-image of s includes z \ {0}:

(Vyez)(Veey)(Tpes)(Fzep)(yepBrey) (13)

Thus, one can prove (in ZF with regularity):

(Vz)(z2=w<+ (3a)(3s)((8) & -+ & (13)) ).
In fact:

- by (10) and (12), the domain of s equals z;
- (12) and (13) yield that =z has no largest element;
consequently, by (8), £ is an ordinal such that = ¢ w;

- if Z were such that w € 2z then, by (13), there should exist some x € Z such
that {z,w} €5,

- which is untenable: for, since s represents an increasing function, the imme-
diate successor x U {z} of z would not be in the multi-image of s. From
Z¢dwand w ¢ =z, we get Z = w.

Concluding remarks and open problems

We have revisited, deepened, and made more systematic, the study undertaken
long ago with [2] (see also [3, pp. 161-165]).

Can we do more along the directions envisioned in the following excerpt from
a historical paper?

[+ ]the translation of a theorem of the appropriate form in some part of math-
ematics shows that the corresponding Diophantine equation has mo solution.
Hence whatever methods went into proving the theorem can in fact be used
to show that a particular Diophantine equation has no solution. It is possible
that the same methods can be used to show that a class of equations includ-
ing perhaps an equation of interest in itself are unsolvable. Such an erxample
providing a new tool for solving Diophantine equations would be a consider-
able breakthrough. In any case, any mathematical method that has been used to
prove a theorem of the appropriate form has in fact been used to show that a
particular Diophantine equation has no solution. Thus all mathematical meth-
ods can be tools in the theory of Diophantine equations and perhaps we should
consciously attempt to exploit them.” |5, pp. 338-339]

The quest is open... It may be rewarding to:
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— translate back into number theory decidability results regarding fragments
of set theory;

— mimic the proofs of the theorems, dubbed DPR and DPRM in |7], concern-
ing the exponential Diophantine representability and the polynomial Dio-
phantine representability of any r.e. set, directly inside set theory (possibly
making some technical aspects of those proofs more transparent).

Open problems

Let BSTC® (Boolean Set Theory with Cardinality comparison and the unordered
Cartesian product) be the collection of conjunctions of any number of positive
literals of the forms

r=yUz, z2=y®z, azNy=2, |z|=]y]|.

In sight of the still in progress decidability result for MLS® (multilevel syllo-
gistic with the unordered Cartesian product), concerning a positive solution to
the satisfiability problem for conjunctions of literals of the forms

r=yUz, z=y®z, zNy=9J, xcy,
to precisely locate the boundary between decidability and undecidability, one
should attempt to find the decidability status of the satisfiability problem for
the following collections of equalities:

— BSTC®-conjunctions plus one negative literal of the form = # &,
— BSTC®-conjunctions plus two literals of any of the following forms:

lz|#|y| and x={y}.
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