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Abstract

In this work, we introduce a new approach how to normalize lambda terms. We have defined
and researched two randomized reduction strategies and compared their efficiency with the
normal and applicative strategies for uniformly randomly generated lambda terms. In addition,
we have developed a framework that allows us to find a randomized reduction strategy that
will almost surely be normalized and the efficiency will be no worse than the efficiency of the
existing reduction strategies for normalizing the given set of lambda terms.
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1. Introduction

Functional programming has its roots in academia, evolving from the lambda calculus, a formal
system of computation based only on functions [1]. Functional programming languages use lambda
calculus as a low- level programming language.

Functional programming is widely used to solve applied problems of artificial intelligence, such as
parallel processing of large data streams [2], modeling of large data arrays [3], big data analysis [4],
working with machine learning models [5], decentralized systems and blockchain [6], advanced
applications with interactive interfaces [7] and more. Therefore, with the development of the sphere of
high-tech information technologies, functional programming becomes relevant not only for solving
specialized problems but also for classical projects.

Compilers of functional programming languages perform a reduction process to obtain normal forms
of lambda terms. Various reduction strategies differ in the efficiency of the normalizing process. For
large programs, the compilation process can take a long time. Thus, there is a desire to optimize the
process of normalizing lambda terms.

The object of the study is the process of reducing lambda terms to obtain the normal form of a
lambda term.

The subject of the study is lambda term reduction strategies.

The aims of the study:

e todevelop more sophisticated lambda term reduction strategies for normalizing lambda terms;

e to study the impact of randomness in the process of normalizing randomly generated lambda

terms;

e todevelop a framework that searches for a reduction strategy that will find the normal forms of

a given class of lambda terms as quickly as possible.

To achieve the aim the following tasks were formulated:

e to analyze the existing reduction strategies for lambda terms, their advantages and

disadvantages;

e to define a randomized reduction strategy;
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to define a uniformly random reduction strategy;

to define a mixed reduction strategy;

to implement reduction strategies as program code;

to find the best reduction strategy for normalizing randomly generated lambda terms;
to conduct simulation experiments to compare reduction strategies.

2. Background
2.1. Reduction Process in Lambda Calculus

Functional languages are closely related to the lambda calculus. Functional languages may be
divided into two classes: strict and non-strict. Strict languages typically employ a call-by-value left-to-
right evaluation strategy for arguments to functions. Non-strict languages employ a graphical form of
call-by-name evaluation strategy, in which once the value of an argument is calculated this value
replaces the expression representing the argument. This ensures that an argument is reduced at most
once in the evaluation of function call. Each of these methods of evaluation has an associated cost [8].

Functional languages perform no reduction under abstractions and thus reduce terms to weak normal
forms only. In particular, call-by-value reduces to weak normal form, and call-by-name reduces to weak
head normal form. These normal forms are defined in [9]. This section contains basic definitions of
some well-known concepts related to the lambda calculus [10].

Definition 1. Let /= {1, 2», ...} is set of variables. lambda calculus is the language of lambda terms
defined by the following grammar:

M,N = var|(MN)|(A var M), (1)
where zaris a metavariable used for referring to elements of Vand 47, & are lambda terms.

We denote the set of lambda terms as 4.
Definition 2. The lambda term A"is called p-reducible term or g-redex if A’include the term

(Avar M)N, (2)

where M, NV €A, var € V.

We denote the set of s-reducible lambda terms as 4, < A.

Definition 3. We denote the A{4/} as lambda term A" € A that include 47 € A. The relation of -
reduction —, €4 — A is defined as

—p={(K{(Ax, M)N},K{M(N = x)})|K € Ag, M, N € A}. (3)
We denote by —»,the reflexive and transitive closure of — .
Definition 4. The lambda term A7is in normal form if A"does not contain any g-redex, i.e. A € 4.
We denote by A € A the set of lambda terms that have normal form.
Definition 5. Reduction strategy R is mapping 4 — A, that
VM € A:M -z R(M). (4)

We denote the mapping R as —and by —», the reflexive and transitive closure of — .

2.2. Classification of Reduction Strategies

A given term can contain several redexes, hence several different 3-reductions could be applied. The
reduction strategy chooses between different methods of term reduction. Each strategy has its
advantages and disadvantages and different computational efficiency. In addition, depending on the



lambda term, the efficiency of reduction strategies is different. Also, for some terms, one reduction
strategy turns out to be more efficient, and for others, another reduction strategy.

The normalizing process can consist of a different number of steps, depending on the chosen
strategy. The main types of reduction strategies are defined below [11].

Definition 6. Reduction strategy R is called one-step strategy, if

VM € A:M -5 R(M). (5)

Otherwise, it is a many-step strategy.
Definition 7. Reduction strategy R is called deterministic strategy, if

VM € AAN € A:M g N. (6)

Otherwise, it is a nondeterministic strategy.
Definition 8. Reduction strategy R is called normalized strategy, if a lambda term has a normal form,
then reduction strategy R will eventually reach it.

VM € A,M =3 N,N & Ag: M »¢ N. (7)

Definition 9. Reduction strategy R is called efficient if V47 € A: M — , /Vand A/ can be computed in
polynomial time.

One-step strategies for term reducing include [12]:

e leftmost-innermost (LI): in each step the leftmost of the innermost redexes is reduced, where

an innermost redex is a redex not containing any redexes;

e leftmost-outermost (LO): in each step, the leftmost of the outermost redexes is reduced, where

an outermost redex is a redex not contained in any redex;

e rightmost-innermost (RI): in each step, the rightmost of the innermost redexes is reduced, where

an innermost redex is a redex not contained in any redexes;

e rightmost-outermost (RO): in each step the rightmost of the outermost redexes is reduced,

where an outermost redex is a redex not contained in any redex.

Many-step reduction strategies include [12]:

e parallel-innermost: reduces all innermost redexes simultaneously. This is well-defined because

the redexes are pairwise disjoint;

e parallel-outermost: reduces all outermost redexes simultaneously. This is well-defined because

the redexes are pairwise disjoint;

e  Gross-Knuth reduction, also called full substitution or Kleene reduction: all redexes in the term

are simultaneously reduced.

The most commonly used reduction strategies in compilers for functional programming languages
are LO (Normal order) and RI (Applicative order).

The normal order reduction strategy is normalized which ensures that the normal form can be
obtained in a finite number of reductions if it exists. In addition, the LO strategy avoids doing useless
work and reduces needed redexes only. Although this strategy reduces the same redexes multiple times,
doing duplicating work. For compilers of functional programming languages, the LO strategy turns out
to be not optimal in terms of the number of reduction steps.

The applicative order reduction strategy is generally considered more efficient than the LO strategy
for compiling functional programs because programs often need to copy their arguments.[13] So, the
RI strategy avoids duplicating work and does not reduce the same redexes. However, the RI strategy
reduces redexes that will not be included in the resulting reduced lambda term. Also, in contrast to
normal order, applicative order reduction may not terminate, even when the term has a normal form.



2.3. The Problem of an Efficient Optimal Normalized Strategy

Definition 10. Let mapping F is the reduction strategy R. Then we denote the function ZA47) as the
number of reduction steps to obtain the normal form of the term M using the reduction strategy R.
Definition 11. Let F, G are reduction strategies. # <, &if
VM € A: Lp(M) <, Ls(M). (8)

Definition 12. Reduction strategy F is called L-optimal if F is normalized strategy and 7 strategy 4
F< R

There are many various reduction strategies. The question arises as to which reduction strategy to
choose in order to get the normal form of the lambda term as quickly as possible. The problem of
choosing a redex leading to a minimal-length reduction sequence is undecidable for the lambda
calculus. It has been proven that there is no efficient L-optimal strategy and there is an L-optimal
strategy [11].

2.4. Efficiency Criterion of Reduction Strategies

We will measure the efficiency of reduction strategy R as the expected value of a random variable
whose values are the outcome of the Z, function of uniformly random generated lambda terms of the
same size. We will use the Boltzmann model to uniform generate random lambda terms.

A Boltzmann generator for a class 4 is built according to a recursive specification of the class 4.
The recurrence relation for .5, (the number of lambda terms of size n with at most m distinct free
variables) allows us to define the function generating lambda terms. More precisely, we construct
bijections, called unranking functions, between all non-negative integers not greater than .5,,, and
binary lambda terms of size n with at most m distinct free variables. This approach is known as the
recursive method, originating with Nijenhuis and Wil [14].

Using the algorithm for the uniform generation of random lambda terms, described in [14], we
generated lambda terms with the number of vertices in the tree representation of lambda terms in the
range from 50 to 60. From the generated terms, we select 100 terms that have a normal form. We
determine the existence of a normal form using the normal reduction strategy. To do this, we reduce
the lambda terms and count the number of reduction steps. If the reduction process is not completed in
a limited number of steps, then we will assume that this term does not have a normal form.

Let's denote the set of the generated lambda terms as S.

3. Studying Randomized Normalization Strategies
3.1. Concept of Random Reduction Strategy

It is known that there is no strategy that will be optimal for all lambda terms at the same time.
However, there is a strategy that is optimal for a certain class of terms. Therefore, there is a desire to
look for optimal strategies for a certain class of lambda terms. Thus, the found strategy should quickly
normalize the group of terms to the normal form.

A similar situation arises in game theory. Optimal strategies do not always exist among pure
strategies. This problem is solved by introducing mixed strategies, we use each pure strategy with some
probability. So, there is an element of randomness in the mixed strategy. As a result, it is guaranteed
that the player's average payoff will be maximized [15].

Randomized algorithms are algorithms that make random choices during their execution. In practice,
a randomized program would use values generated by a random number generator to decide the next
step at several branches. Randomized algorithms are typically used to reduce the running time, time
complexity; or the memory used, or space complexity, in a standard deterministic algorithm. For many
problems, a randomized algorithm is the simplest, the fastest, or both [16].

There are two main types of randomized algorithms: Las Vegas algorithms and Monte-Carlo
algorithms. In Las Vegas algorithms, the algorithm may use randomness to speed up the computation,
but the algorithm must always return the correct answer to the input. Monte-Carlo algorithms do not



have the former restriction, that is, they are allowed to give wrong return values. However, returning a
wrong return value must have a small probability, otherwise, the Monte-Carlo algorithm would not be
of any use [17].

Adding randomness may improve the efficiency of the lambda-term reduction process. We can also
use machine learning or genetic algorithms to match the probabilities of using different reduction
strategies for a given class of lambda terms. This will combine the advantages of various reduction
strategies in one strategy in the best way.

Definition 13. Random reduction strategy R is mapping (4, N) — 4, that

VM € A,n€N:M —»p R(M,n). (9)

Definition 14. Let R is the random reduction strategy. Then we denote the function Zz.(/47) as the
average of n times calculated the number of reduction steps to obtain the normal form of the term M
using the reduction strategy R n times.

3.2. Uniformly Random Reduction Strategy

The basic QuickSort algorithm has &(77) running time for an array of n elements when we always
choose the leftmost element in the array as the pivot. In the randomized sorting algorithm QuickSort,
when we choose a random element in an array as a pivot, we achieve that the expected time of this
algorithmis (721og 7) [18]. So, we can use randomness in a reduction strategy by reducing an arbitrary
redex. The easiest way is to use uniform distribution and select uniformly random redex for reduction
from all redexes in the given term.

Definition 15. Uniformly random reduction strategy UR is mapping (4, N) — A, that R reduces a
redex that is uniformly randomly selected from all redexes in the term.

VM € A,n € N: M =5 UR(M,n). (10)

The implementation of the uniformly random reduction strategy consists in:

1. Count the number of p-redexes in given lambda term. Let's denote the number of redexes by N;

2. Generate a random natural number R in the range [1, N];

3. Reduce the R-th redex.

The asymptotic of this algorithm is O(V), where V is the number of vertices of the lambda term tree
representation. Hence the uniformly random reduction strategy is efficient.

3.3. Mixed Reduction Strategy

Various reduction strategies have their advantages and disadvantages. For different lambda terms,
different strategies turn out to be optimal. As in game theory, we can introduce mixed strategies, which
means that we use each pure strategy with some probability. This can significantly increase the average
rate of reduction of lambda terms from a given set.

Definition 16. Let #Z= {#, A, ..., £,} is set of reduction strategies and = (21, 2, ... , p») and

™, pi = 1. Mixed reduction strategy #/#%, is mapping (4, N) — A, that 4/, is applying one of the
reduction strategies from R — 2, to reduce a redex where p;is the probability to choose £, from R.
Definition 17. For given reduction strategy #define a function /: A4, — R as Lyapunov if:

IneRVMEAy: V(M) =n. (11)
Je > 0VM € Ay N Ag: V(M) > V(R(M)) + €. (12)

where V is extended to partial distribution as follows

V(R(M)) = Z FAV(m) PM - m). (13)



Foster's theorem [19]. If we can define for reduction strategy R a Lyapunov function V, then R is
normalized and the average derivation length

Je > OVM € Ay:Lg(M) < V(M) /€. (14)
Theorem 1. Let R = {R1, R2, ... , Ry} is set of reduction strategies and p = (p1, p2, ..., p») and
~.pi =1 Let3ie[l, 7]: Ri= LO is the normal order reduction strategy and p; > 0. Then, mixed
reduction strategy MRg,, is almost-surely normalized.
Proof. To prove this theorem, we use Foster’s Theorem. Consider function V = L;o. Obviously, the
first condition of the Lyapunov function definition is satisfied:

VM € AN:LLO(M) = 0.

Consider M € Ay N Ag.

Let m = MRg,(M) and M —g; N; , j € [1, n].

Obviously, Lio(M) = Lo (N;) + 1.

The LO reduction strategy satisfies the inequality L.o (K) < L.o (M), where M —3 K.
Therefore Lo (N;) < Lo (M), j € [1, n].

Lio(m) = ZPjLLO(Nj) =pi(Lo(M) - 1) + ijLLo (N]) + Z PjLio (N}) =
j=1 _ j=1

j=i+1

L n
= PiLio(M) =P+ ) 1y LoD + ) pylio(M) =
=1 j=i+1
i n
=piLlo(M) —p; + Lo(M) ij+ z pj|=

j=1 j=i+1

n
=piLyo(M) —p; + Lo(M) ij —Di
=1
=piLo(M) —p; + Lo(M)(1 —p;) = Lo(M) — p;.
Lio(m) < Lo(M)—p; = 3e=p; > 0:Lo(M) = Lo (MRR,p(M)) +e.

So V = Ly is Lyapunov function for the given reduction strategy MRrg,,.
Hence, by the Foster's theorem the mixed reduction strategy MRk, is normalized.
The implementation of the mixed reduction strategy MR, consists in:

1. Generate a random float number r in the range [0, 1];

2. Find the smallest index i for which r < Z§'=1 p;;

3. Apply R; reduction strategy.

If all reduction strategies from R = {R1, Rz, ..., R,.} are efficient then the mixed reduction strategy
MRg,, is also efficient.

The mixed reduction strategy MRg, involves choosing a probability vector p, which is the
hyperparameter of the MRy, reduction strategy. In this regard, the question arises of how to choose a
probability vector for the maximum efficiency of reducing lambda terms from S< 4 4 to normal forms.
In this case we need to solve the optimization problem: minimize the sum of the number of required
reduction steps for the lambda terms from S by finding the as best as possible probability vector p for
the reduction strategy MRg:

e(p) = ZMES‘LMR R_p) (M) - min. (15)



A common way to find good combinations of hyperparameters is a grid search. The main
disadvantage of searching on a grid is the need for a complete enumeration of all combinations, which
can take a very long time. Any search on a grid is limited by a subset of hyperparameters that we have
defined. The genetic algorithm allows us to find the best combination in less time than in the case of an
exhaustive search on the grid. Genetic algorithms can be used not only as an efficient way to search on
a grid but also for direct search in the entire parameter space [20].

The basis of genetic algorithms is based on the hypothesis that the optimal solution to a problem can
be assembled from small structural elements. Individuals that contain some of the desirable structural
elements are assigned a higher score. Repeated operations of selection and crossing lead to the
emergence of ever better individuals, passing these structural elements to the next generation, perhaps
combined with other successful structural elements. This creates a genetic pressure that directs the
population towards the emergence of an increasing number of individuals with structural elements that
form the optimal solution. As a result, each generation is better than the previous one and contains more
individuals close to the optimal solution.

Consider mixed reduction strategy MR{.or1}p, P = (PLo, Pri) IS probability vector, where pgr =1 —
pLo - For various values p,o € [0, 1], we calculate the efficiency of the obtained reduction strategies
MRyoRr1}p. The results are shown in Fig. 1, which shows the dependence of the efficiency of the mixed
reduction strategy MR{.0.r1},, ON the probability of using the normal strategy p.o.
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Figure 1: Dependence of the efficiency of the mixed reduction strategy MRy.oRr13» On the probability
of using the normal strategy p.o

As seen from the figure 1, the most optimal values of the probabilities of using normal and
applicative strategies of the mixed reduction strategy MRy.ori3p are

{pLO =0.85
pRI = 015

for normalizing uniformly random generated lambda terms.
The expected value of reduction steps number to normalize the uniformly random generated lambda
term:



8.45. (16)

MMR{LO,RI},(0.85,0.15) =

In addition, the mixed reduction strategy MR{.o.ri},0.850.15) iS almost surely normalized by Theorem
1. Thus, we have found a mixed reduction strategy that is more efficient than applicative and normal
reduction strategies for normalizing uniformly random generated lambada terms, and it is almost surely
normalized.

Consider mixed reduction strategy MRy.0riLiR0,uR}.». WHere p = (p1, p2, ps3, P+, ps) and X2 p; = 1.

We used a genetic algorithm to find the best as possible probability vector p. We defined an
individual as a list of decimal numbers that will be the desired probability vector. The fitness function
for an individual p was the efficiency criterion of the mixed strategy which was described in section
2.4. As a genetic selection, crossover, and mutation operator, we used tournament selection of size 2 in
combination with elitism [21], Simulated Binary Crossover [22], and Polynomial Bounded Mutation
[23], respectively.

As the result, we found the probability vector

p = (0.72,0.02,0.02,0.17,0.7). (17)

Let's denote the obtained mixed strategy MRy.oRri.LIRO.uR}py @S MRopt.

The mixed reduction strategy MRopt is almost surely normalized by Theorem 1.

We can generalize this algorithm to an arbitrary set R of reduction strategies. Thus, we have
developed a framework that allows us to find the mixed reduction strategy that will normalize a given
class of lambda terms with almost the greatest efficiency. In addition, if our mixed strategy is using the
normal strategy with non-zero probability then it is almost surely normalized for lambda terms having
a normal form.

3.4. Comparing the Efficiency of the Uniformly Random, Mixed, Normal, and
Applicative Reduction Strategies

We want to compare the efficiency of the most common reduction strategies LO (normal order) and
RI1 (applicative order) with UR (uniformly random) and M Ropt (mixed strategy obtained in the previous
section) reduction strategies for uniformly random generated lambda terms.

Based on the generated lambda terms S in section 1.4, we construct histograms of the distributions
of the required number of reduction steps to obtain the normal form by using LO, RI, UR, and MRt
reduction strategies respectively (Fig. 2-5).

Hypotheses about the laws of distribution of the values of the functions L.o, Lg;, Lyrioo and
Lumr{ro.R1.LIRO.UR}p.100 TOr uniformly random generated lambda terms from S are checked. The following
distribution laws were taken for comparison: normal, Cauchy, x? exponential, generalized normal
(exponential power), gamma, log-normal and Rayleigh. Graphs of distribution laws that best describe
the values of the functions Lo, Lgi, Lyr.100 and Lygopt,100 for lambda terms from S are shown on Fig. 2-
5.

It is determined that the values of the functions L., of the uniform generated lambda terms is
distributed according to the log-normal distribution law with the u = 1.65, ¢ = 1.06 parameters:

~ _%(w)z (18)
f(x,,u,O') - XO'\[Z_T[e

The expected value of this distribution is

a2 19
Mo =e* 2 =9.14. (19)



It is determined that the values of the functions Lg, of the uniformly random generated lambda terms
is distributed according to the log-normal distribution law with the u = 2.04, ¢ = 0.68 parameters of
(18). The expected value of this distribution is
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Figure 2: Histogram of the distributions of the reduction steps numbers L.o(M) of the uniformly random
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In addition, the 4 lambda terms were not normalized, although they have a normal form. The use of
the applicative strategy for these terms turned out to be incessant. It is determined that the values of the
functions Lyg.100 Of the uniformly random generated lambda terms is distributed according to the log-
normal distribution law with the u = 1.92, ¢ = 0.8 parameters of (18). The expected value of this
distribution is

MRI = 9.42. (21)
.14 = |ognorm
’ = chi2
012 — eXPONPOW
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Figure 4: Histogram of the distributions of the reduction steps numbers Lur100(M) of the uniformly
random generated lambda terms M € S
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random generated lambda terms M € S



Also note that all terms have been normalized, as opposed to using the applicative strategy.

It is determined that the values of the functions Luygropt.100 Of the uniformly random generated lambda
terms is distributed according to the log-normal distribution law with the u=1.67, o = 0.96 parameters
of (18). The expected value of this distribution is

opt

Thus, from the formulas 19 — 22, we got that

for uniform generated lambda terms of the same size.

We can see that the efficiency of the uniformly random reduction strategy is commensurate with the
efficiency of normal and applicative strategies. Thus, the uniformly random strategy can be used for the
lambda term reduction process the same as the normal or applicative strategies.

The mixed strategy turned out to be the worst among the considered strategies. In addition, the MRopt
strategy is almost surely normalized and all lambda terms were normalized by using this strategy.

4. Conclusions

There is no universal strategy that has been the most efficient for reducing any lambda term. All
existing reduction strategies have various advantages and disadvantages. The efficiency of reduction
strategies essentially depends on the lambda terms for which it is used.

We defined a randomized reduction strategy for lambda terms. Two randomized reduction strategies
have been defined and implemented as a program code: a uniformly random and a mixed reduction
strategy.

A mixed reduction strategy is investigated. It is proved that a mixed reduction strategy for which the
normal strategy is used with a probability greater than 0 is almost surely normalized.

A framework has been developed that allows us to find a mixed reduction strategy that will almost
surely be normalized and the efficiency will be no worse than the efficiency of the existing reduction
strategies for normalizing the existing class of lambda terms.

Simulation experiments to normalize uniformly random generated lambda terms using the mixed,
uniformly random, normal, and applicative reduction strategies have been conducted.

The uniformly random reduction strategy is proposed for use since it is comparable in efficiency
with the normal and applicative strategies. Also, the uniformly random reduction strategy turned out to
be better than the applicative one in terms of the number of normalized lambda terms.

The efficiency of the mixed reduction strategy is significantly better than the efficiency of the other
considered reduction strategies for normalizing randomly generated lambda terms. The mixed reduction
strategy combines the advantages of several reduction strategies in the best way.

To sum up, randomized reduction strategies may be more efficient than standard non-randomized
reduction strategies.
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